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Abstract—We consider windowed decoding of LDPC Convolu- In order to get sparse graph codes, the Hamming weight of
tional Codes on the Binary Erasure Channel (BEC) to study the each rowh, of HTO must be very low, i.eq;, (h) < v,. We
) o y LG, .

trade-off between the decoding latency and the code perforamce. i consider terminated LDPCCC that have a finite syndrome

We make some key observations about regular LDPC Convolu- T . . .
tional code ensembles under windowed decoding and give méeid [ormer H™ as in (1). Such a code is said to bek™ regular

constructions of these codes that allow us to efficiently tee-off I H' has exactly) ones in every row and( ones in every

performance for gains in latency. column, excluding the first and the last, columns. It follows
that for a givenJ, the syndrome former can be made sparse
l. INTRODUCTION by increasingc or m, or both, leading to different code

The good performance of LDPC codes [1] often is seen wheonstructions [7]. In this paper, we will consider LDPCCC
the blocklength of the codes is large. An immediate conseharacterized by largeand smallm,. As in [5], we will focus
quence of this, especially in the context of packet-levelicg on LDPCCC which can be constructed fronp@tograph
[2] wherein each codeword symbol consists of several hutedre
of bits, is the associated large latency for decoding. IS thi Protograph-based terminated LDPCCC

paper, we propose a windowed decoder for LDPC Convolutional . . N
Codes [3] over the BEC and explore the trade-off betwee A protograph [8] is a relatively small bipartite graph from

latency and performance. We also give code constru(:tiOlitshNhth'Chda Ia.rtgher gra}[ph Caﬂ _be obi;%n;_ed by adctcr)]py-?;d-pdermute
perform well, not only with the usual Belief Propagation ()BP'OrOCe ure. the protograpn IS copiztitimes, and then the edges

decoder, but also with the proposed windowed erasure deco th? indiv_idual replicas_are permuted among Maeplicas to
obtain a single, large bipartite graph. Suppose the prafigr

This paper is organized as follows. In Section Il we introgluc & iabl d a7 traint nod ith
the LDPC Convolutional code terminology and recall vario 0SSesse P variable nodes an' p constraint nodes, wi
Igreest,] =1,..,Np,, and K;,i = 1, ..., M,,, respectively.

code constructions. We describe a windowed erasure deco on the derived graph will consist af NoM variable
referred to henceforth as the windowed decoder, in Secti . v = P
odes andn, = MpM constraint nodes. The nodes of the

lll. In Section IV, we show that regular LDPC Convolutional’ : . .
Codes 4] d t all to trade-off perf for | c'protograph are labeled, so that if the.VarlabIe Node (Wi\)s
odes [4] do not allow us to trade-off performance for lagen onnected to the Check Node (CH) in the protograph, then

efficiently. We then give a few codes that perform well withy = ) .
; in a replica can only connect to one of tlié replicated

both the BP and the windowed decoders, and evaluate thgir . . .
;'s. Doing so preserves the decoding threshold properties of

performance experimentally in Section V. We summarize oyfr
the protograph [9].
Protographs can be represented by means alfanx Np
Il. LDPC CONVOLUTIONAL CODES bi-adjacency matrixB, called thebase matrixof the protograph
) o where the entnyB,, ,, represents the number of edges between
_ LDPC Convolutlo_nal Codgs (LDPCCC) were first mtroduce@l:N C,, and VN V,, (a non-negative integer, i.e., multiple par-
in [3]..In the followlng we will focys on terminated LDPCCC g edges, multiedges, are permitted.). The copy-amthpt
following the notation introduced in [5]. operation is realized by replacing each edge (or multiedge)
in the base matrixB with a size M permutation matrix (or
A. Definition the sum of as many distinct sizé/ permutation matrices as
A rate R = b/c binary, time-varying LDPC convolu- the number of multiedges, respectively). For differentieal of
tional code is defined as the sequenoeg ., satisfying A, different blocklengths of the derived Tanner graph can be
V[O.,oo]H[To,oo] = 0, whereH _ . is thesyndrome former matrix achieved, keeping the original graph structure imposedhley t
given in (1). The eIementHiet), i =0,1,...,ms in (1) are protograph. This means that the density evolution analysmns
binary matrices of sizéc — b) x ¢ that satisfy the following be performed within the protograph, instead of on the derive

findings in Section VI.

properties [6]: Tanner graph. Furthermore, protographs impose a structure
« H;(t)=0,fori<0andi>m,, V¢t the derived graph, which facilitates the design of fast dece
« 3¢ such thatFL,,_(¢) # 0 and efficient encoders, as well as a refined control on theetbri
« Hy(t) has full rankv ¢ graph edge connections.

The paramEt_emS is called the Syndrome formmemory‘ind Lignoring the terminated portion of the code. Note that al iws, however,
vs = (ms+1)cis referred to as thdecoding constraint length have J ones.
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Hi((0) - Hp, (ms) Hi(0) - Hy (ms)
H o) = HT = . s
H{ (1) - HL (t+ms) HI(L-1) - HEI (L+ms—1)

M

Analogous to LPDC block codes, LDPCCC can also bgindowthat slides along the bit sequefdé]. Moreover, this
derived by a protograph expansion. The syndrome formersstfucture allows for the possiblity of parallelizing thergtions
these codes are composed of blocks of siZepermutation of the message passing decoder, through several processors
matrices. Leta be the greatest common divisor (gcd) @f working in different regions of the Tanner graph. A pipeline
and K. Then there exist positive integet§ and K’ such decoder based on this idea was proposed in [3]. In this paper w
that J = aJ’, K = oK', and gcdJ’,K’) = 1. Starting analyze the performance achievable by the terminated LIPCC
from these parameters, it is possible to define the ensempiesented in Section II-B. More specifically, we are intteés
of LDPCCCCp(J, K, M), characterized by = (K’ — J')M, in determining the trade-off between decoder performamce a
andc = K'M. If we start the convolutional code at time instankatency. To this end, we propose a different decoder arctuite,

t = 1 and terminate it aftef. instants, we obtain a block codewhich is still reminiscent of the sliding window approach
described by the base mal?riB[lyL] as in (2). The protograph described in [6] for the unterminated LDPCCC.
of the terminated code ha¥, = LK’ variable nodes and Consider a terminated parity check matiik built from a

M, = (L + m,)J' check nodes. base protograpiB and a sliding window consisting ol =
" Bo(1) - WJ'M =W(c—Db) rows anc_iKW = WI_{’.M =We columns,
Bi(1) Bo(2) ms+1 < W < L+ mg, ie., the sliding window covets
WJ' rows andW K’ columns of the protograpiB. At the
: Bi(2) . first time instantt = 1, the decoder performs message passing
By = | Bu.(1) : L B(D) @) iterations over the equations within the sliding window hwit

the aim of decoding all of the first symbols in the window,
B,..(2) . Bi(L) called thetargeted symbolsThe sliding window shifts down
(¢ — b) rows and rightc columns ¢’ rows and K’ columns
in B) after a maximum number of message passing iterations
. have been performed, or when all targeted symbols within the
The rate of the block code is therefore window have been recovered, and continues decoding at the

L N S . new position at the second time instant, ite= 2.
Ry =1-( +m) (1+Z)a-r @

I J T L

whereR=2% =1— IJ<— is the rate of the non-terminated code. i~

siofoe]

Note thatRCL — R and the LDPCCC has a regular degree

distribution [5] whenL — oo. sl
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I1l. WINDOWED ERASURE DECODING s
LDPCCC are characterized by a very large value of constraint 3
lengthv, = (ms +1)K’M, and this makes the Viterbi decoder e,

7680

unfeasible for this kind of code. Nevertheless, the spausit 2
the syndrome former matrix can be exploited and a message =z w7 ws stz st 7ies_ 513 57 e e
passing algomhm can be adopted. For th(_? (?ase ofa terrdma&?. 1. Windowed decoder for sliding window siz& = 4, for a (3,6, 512)
LDPCCC, decoding can be performed similar to the case @pccc with I — 16 at time instant: — 2.

an LDPC block code, meaning that each frame carrying a L ) ) .
codeword obtained through the termination can be decodied wi 1 N€ latency of the sliding window decoder is therefore given
the classical Belief Propagation (BP) algorithm. For theecaPy Aw = WcTs, V\_/hereTswls the intersymbol duration, which
of non-terminated LDPC convolutional codes, the size of tfnounts to a fractiom = - of the latency in comparison with
corresponding Tanner graph is potentially infinite. Neveigss, e BP decodér Figure 1 shows a schematic representation
the convolutional structure of the code imposes a maximuh the windowed decoder folV” = 4. The light gray blocks
distance constraint on the variable nodes connected to [fBresentthe edges which are currently involved in the ayess

same parity check equations — two variable nodes that &2SSing decoding, while the dark gray blocks represent tie V

at least(m, + 1) time units apart cannot be involved in the ,_ . . o . " )
. . .. . . This implementation is motivationally analogous to thee¥iti decoder with
same equation. This characteristic can be exploited inrdrde , finite packsearch length.
perform continuous decoding of the received stream thraugh 4when the sliding window goes beyond the protograph, it isimesi to be
bounded by the boundaries of the protograph.

2For a time-invariant terminated LDPCC®B,;(t) =B; Vt=1,2,--- , L, 5By BP decoder, we mean the decoder which uses the entire/-phgtk
andi =0,1, -+ ,ms. matrix.
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already processed by the decoder. As illustrated in thedjguand the corresponding update at a VN of degteegives
the first block of VNs are still involved in the check equatdn

the sliding window att = 2. However, on successful decoding vt
= ' 2 Iouwt =V (Ich, I RN £ 1)=1-— 1—1Iin;) 6
att = 1, these VNs can be removed from the corresponding®"! (Lot In1, T,y —1) c H (1= 1Ins) (5)

equations, so that the edges under processing are the a¢h@s wi
the highlighted sliding window. wherelch = 1 — ¢ is the mutual information obtained from the

It is clear that the performance achievable by the window&@annel. Note that the edge multiplicities are includedhi t
decoder improves with the window size, and therefore the d@ove check and variable node computations. We now give two
coding latency. In the following we will analyze the probii /€mmas which will be made use of in the analysis. The proofs
that the windowed decoder fails to decode uncorrelatediszas have been omitted due to space constraints.
introduced due to transmission over a BEC. Lemma 1 (Monotonicity o&’): The CN operation in (4) is

monotonic in its arguments, i.e.,
IV. ANALYSIS OF THE WINDOWED DECODER

We now analyze the performance of the windowed decoder
described in the previqus section. In the Iimit of infinite | emma 2 (Monotonicity of’): The VN operation in (5) is
blocklength, each term in the base protogrdphs replaced ,onotonic in its arguments, i.e.,
by a permutation matrix of infinite size, and therefore the
latency of any window size is infinite, apparently defeatihg <z =V (x,y) <V (' y)Vyelo1].
purpose of the windowed decoder. Our interest in the asytiopto
performance, however, is justified as it allows us to esthbli )
upper bounds on the performance of the practical windowéy Z€re windowed-threshold LDPCC codes
decoder over finite-length codes. We are able to give ensmmbl Consider the windowed decoding of3a- 6 regular LDPCC
which have little change in asymptotic performance for theode withm, = 2 using a window of sizé/ = 3, so that the
entire range of possible window sizes. decoding performance depends on the protograph

The main distinction in the analysis here from the code
performance analysis for protograph codes is the definiion 110000
decoding success. While in the case of a protograph code, the Bws=|1 11100, (6)
decoding is considered a success only when, for any symbol in 111111
the codeword, the probability Qf fa.iling to decode the symb@ ot s |abel the CNs as A B, C and the VNslag, 3, 4, 5 and
goes to zero, here the decoding is successful as long as ¢hgjnce the targeted VNsre the VNsl and2, Figure 2 shows
probability of failing to decode the targeted symbols,,itae e computation tree for the message passed from the N

first ¢ symbols in the decoding window, goes to zero. the CN A. Looking for the fixed point mutual informatiahon
For the BEC, we define the@indowed-thresholdj;, of a code

with a decoder of window siz&/ as the supremum of the set

of channel erasure rates for which the decoding is sucdessfu
Note that it is sufficient to evaluate the windowed-thredkol
for a single windoW, as when the decoding is successful for
the window in its present layout, the situation is exactlg th
same as when the window moves onto the next set of targeted
symbols and will therefore be successful for any subsequent
window layout, as was noted in [4], where a similar windowed
decoding was considered.

The success or failure of the windowed decoder is evaluated
using the Protograph-EXIT method developed in [10]. This
method is similar to the standard EXIT analysis in that itks
the mutual information between the message on an edge and the
bit value corresponding to the VN to which the edge is inctden
maintaining the graph structure dictated by the protograghg- 2. Computation tree for the edde— A in the protograph (6)

The decoder is assumed to be successful when the a-poisterior
mutual information at all the targeted VNs of the protographe edgel — A, we upper bound the mutual information on

<z = C(r,y) <E(,y)Vyelo1].

converges td. any edge from the CN C bl —¢)? as the CN C is connected
The processing at a CN of degrde results in an updating to two VNs ( and6) that are connected only to the channel.
of the mutual information as From Figure 2, we can write
de—1

1—-e2(2—-¢) {1 -{1 —62(2—6)}3}

Iout =% (Iin,la e 7Iin.,dcfl) = H Iin,i (4)
i=1 1—e(2—e)2{1—e2(2—¢)}°

I<

6In the terminated part of the code, some of the edges wittenwtimdow
are known exactly, and the windowed-threshold for such amincan only be "Note that the threshold for decoding all the VNs is clearlozes two VNs
higher than that of a window in the convolutional part of tlule. of degreel (5 and6) are connected to the same CN C.
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The fixed point mutual information on the edge-A 1 is the ! RS
same as that on the ed@e— A which, due to symmetfy 09
has the same fixed poirt Hence, the fixed point a-posteriori 08 Tn,
mutual information (denotedapp, 1 Or, more simply,Z) at VN sl ‘\\
1 satisfied N
0.6 N
IT=1-(1-hL_A)(1—-14-1) Sosl \\
=1-(1-12<1-64e*+0(%) <1Ve>0 (7) == A
Lower Bound - W=3
implying that the windowed-threshold;,; = 0. The error 03 phber Bound = W=3
probability (probability of failure) of the decoder is lowe 0l Unper Bound - wes
bounded for smalt by PBw: > 648, Using similar arguments T o weto
based on Lemmas 1 and 2, we can show the following for || - Upper Bound - w=10
the 3 — 6 regular LDPCCC with windowed decoding (proofs % o1 o0z 03 04 05 06 07 08 098 1
omitted). ’
Proposition 1 (Upper bound fof): For a window of size Fig. 3. Upper bound (Lemma 1), lower bound (Lemma 2), andvedéd
W >3 a-posteriori mutual informatio from EXIT analysis, for window size W=3,
Igl—ﬁ%,v, 5, and 10.
where Ki = €& (1 — (1 — Iii_l)Q) (1 — (1 — Iii_g)2), T =

B. LDPCC codes for windowed decoding

In order to find good LDPCCC ensembles suitable for win-
dowed decoding, we need to avoid the structures that resulte
in the zero thresholds in the sub-protograph identified ke th
decoding window. Let us consider two new code ensembles
which we call Ensembles B and C. Ensemble B is stil a6
terminated code, but it differs from ttge— 6 regular LDPCCC
(Ensemble A) in that it has a memory, = 1 and component
based matriceBy = [2 2] andB; =[1 1]. Ensemble Cis a
and sy = 6w 10u —o. 4 — 8 terminated code characterized by, =2, Bo = [2 2],

It follows from the above that the terminated— 6 regular @ndBi = B2 = [1 1]. All ensembles are terminated with
LDPCC code withms = 2 has a zero windowed-threshold forL = 50. The BP threshold for Ensemble.B is sll438, which

all window sizes except the full window, whose BP thresholtf the same as that of Ensemblg A, while the Ensemble C has
(for sufficiently largeL) is c%, = 0.488. However, as the a BP threshold 0f0.496, which is the same as that of the

window size increases, the error probability is very clasegro. 4 — 8 regular LDPCCC [7]. Thus, ensemble B has the same
For a non-zero target error probability, certain erasutesraan BP threshold as A, but has a smaller memory (allows a smaller
still be handled — the higher the tolerable error rate, thgela windowed decoder), whereas ensemble C has the same memory

the channel erasure probability that can be handled. Fi@uré‘r’Ut a _be“er BP threshold th:_;m A, .
plots the lower and upper bounds and the actual fixed pointln Figure 4, we show the windowed-thresholds plotted agains

a-posteriori mutual information at the first VN for tie— 6 the window size for the ensembles B, ant?.(This plot depicts

regular LDPCCC with windowed decoder of sizB8 = 3,5
and 10. While tighter bounds are obtainable by going deeper

3,4, W, ko 25(1 -1 —5)2) andx; = e.
Proposition 2 (Lower bound faf): For a window of size
W >3
I>1-6,

W >4

. 2
whered; =1—(1—¢)%, 6, =1—(1—¢)3 {1 - a]_[;;ll 64 :
1—(1—edw—2)(1— 65W725W73)2

3 W=3’

5 . =
W=t {1—(1—65{/[/_2)

0.5

0.491

into the computation tree as in Figure 2, the upper bound=giv
in Lemma 1 suffice to show that the thresholds are zero, and
the lower bounds in Lemma 2 suffice to evaluate thresholds for
non-zero target error probabilities.

It follows from the bounding technique employed here that a
protograph with no multiedges that has a single CN connected
to two VNs, one of degred and the other of degree,
always results in a zero threshold. For protographs with no
such “bad structures” this upper bounding technique on &efini
computation tree always results in the trivial upper bound
Z < 1. Whereas the observation of the bad performance of
such protograph codes was made in [10], a zero threshold was
not reported. Our analysis suggests that we avoid bad stasct

0.481

0.47
w32
o

0.46

0.45

0.441

—o— Ensemble B
—A— Ensemble C

L L L
3 4 5

6
W (Latency)

L
7

8 9 10

while designing codes to ensure non-zero windowed-thidsho Fig- 4. Threshold as a function of the window size for ensesit8 and C.

8The symmetry is seen by noting that the degrees and the melgiddls of the trade-off between code performance and latency. As ean b
the VNs1 and2 are exactly the same.

87, =1—(1—I;—;)(1 — I;;) for every VNi=1,2,--- ,Np, and CN
j=1,2,---, Mp [11].

10From the previous analysis it is clear that the thresholdeftsemble A is
0 for any value of window size.
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Fig. 5. Symbol Error Rate performance for several slidingdeiw sizes. Code Fig. 7. Symbol Error Rate performance for several slidingdeiv sizes. Code
from Ensemble A. from Ensemble C.

observed, even for small window sizes the two codes presé#hfigure 4, showing that for sliding windows of size largean
good threshold performance. The ensemble C outperformsithe windowed decoder performance is almost identical to BP
but B can be decoded with a window of size 2. Also note thdecoding.

with a window of size at least, both codes perform very close VI. CONCLUSION

to the asymptotic full window (BP) performance. In this paper we have analyzed the performance of protograph

V. NUMERICAL RESULTS based terminated LDPCCC under windowed message passing

We have assessed the performance of the three LDPCc#g§0der. Our analysis shows how the- 6 regular LDPCCC
ensembles — ensembles A, B, and C. All of the protographs hafers when a windowed decoding is adopted due to the pro-
been terminated aftef = 16 time instants and expanded withtograph structure. We have analyzed further regular LDPCCC
random permutation matrices of si2é = 512. The resulting ensembles which show good SER performance even for small
code rate is14/32 for codes A and C, and5/32 for code decoding window size. Numerical results obtained through
B, while the BP thresholds are.489, 0.487, and 0.497 for Ccomputer simulations agree with the theoretical analysis.

codes A, B, and C, respectively. Figures 5, 6 and 7 show ACKNOWLEDGMENT

e 1 The authors would like to thank Gianluigi Liva and Michael
Lentmaier for their discussions and helpful suggestions.
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