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Abstract— We present a simple method to im-
prove the performance of turbo codes, using an
analysis of the code distance spectrum. The
sparseness of the spectrum permits explicit iden-
tification of the positions in the information
frame that are affected by low-distance error
events. A modified encoding is then used to
avoid these error events and reduce the error
floor that characterizes the code performance
at moderate-to-high signal-to-noise ratios. For
large interleaver sizes, the only cost is a very
slight reduction of code rate. The expected per-
formance improvement of this scheme is verified
by empirical simulation results.

I. INTRODUCTION AND BACKGROUND

Two characteristic features of turbo code per-
formance are the small bit-error-rate (BER)
achieved even at very low signal-to-noise ratio
(SNR) E,/Ny and the flattening of the error-
rate curve - the so-called “error floor” - at mod-
erate and high values of SNR.

Recently Perez et. al. (1] analyzed the code-
word weight distribution and multiplicity — the
distance spectrum - of turbo codes and offered
an explanation for both of these phenomena.
They showed that, at moderate-to-high SNR,
the performance approaches the free-distance
asymptote, Pyr,,, given by

Pfree = No

where R is the code rate, dy,.. is the code free-

distance, N, free 18 the multiplicity of minimum-
weight codewords, N is the interleaver length,
and @yp,, is the average information weight of
the input sequences causing free-distance code-

words. They showed that the shallow slope of ’

the error floor is a manifestation of the small
free distance and the appearance of the fioor
only at low error rate reflects the very small
effective multiplicity ¥ free/N.

Moreover, the analysis of “average™ turbo
codes in (1] shows that the very small multiplic-
ity extends to low-weight codewords in general.
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A consequence of this “spectra sparseness” is
that the free-distance asymptote dominates the
error-rate union bound even at very low SNR.
In this paper, we propose a simple method to
lower the error floor of turbo codes. By ex-
amining the interplay between the constituent
convolutional codes and a pseudo-random inter-
leaver, we derive a list of the non-zero bit po-
sitions in the information frames that produce
minimum-weight turbo codewords. A modified
encoder places dummy bits in these positions,
and after the turbo decoding is completed, the
contents of these positions in the decoded frame
are discarded. This process effectively removes
the contribution to the BER of the free-distance
érror évents, resulting in a lowering of the error
floor and a change in its slope. By determin-
ing bit positions that correspond to other low-
weight codewords, we can further improve code
performance by applying this same procedure to
those frame positions. The small multiplicity of
low-weight codewords in the turbo code implies
that the rate loss incurred by this encoder mod-
ification is negligible for large interleaver size,

Ii. PROPERTIES OF THE CONSTITUENT
ENCODERS

We consider a turbo encoder consisting of two
identical, rate 1/2, recursive systematic convo-
lutional {RSC) encoders in parallel concatena-
tion, along with an interleaver which permutes
the input bits of the first encoder before apply-
ing them to the input of the second encoder.
Input bits in a frame of length N are encoded
by the first RSC encoder, producing what we
call the first dimension codeword. The same in-
formation frame is permuted by the interleaver
and encoded by the second RSC encoder, gen-
erating the second dimengion sequence. The
turbo codeword contains the first information
frame, along with the parity bits from each en-
coder. To increase the overall rate of the en-
coder from 1/3 to 1/2, we follow the usual prac-
tice of puncturing every other parity bit in each
dimension.

Berrou, et al. [2] proved a property of RSC en-
coders that plays an important role in the char-
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Fig. 1. Response of a octal (37,21) RSC encoder with
input pattern 0100001000

acterization of minimum-distance error events
in turbo encoders. They showed that if A(D) is
the feedback polynomial of a RSC encoder, and
if k(D) is a divisor of 1+ DZ, then h(D) is also
a divisor of 1 + DPE for any integer p > 1. Let
0 denote a run of 0’s of length ¢. The result
implies that an input stream 1 0°f—! 1, where
the two ones are separated by pL — 1 zeros, for
any integer p > 1, will generate a trellis path
that diverges from the all-zero path and then
remerges after pL + 1 trellis steps. The encoder
will leave the all-zero state in response to the
first 1, and then will return to that state in re-
sponse to the second 1. This is illustrated in
Fig. l1forL=5and p=1.

For the rate 1/2, octal {37,21) encoder, this
suggests that weight-2 input sequences in which

the non-zero bits are separated by a small multi-
pie of the code constraint length represent good

candidates for producing minimum-weight RSC
code sequences. The code has free distance

d¢re. = 6,and Fig. 1 depicts a minimum-weight .

code sequence that is generated in response to a
weight-2 input sequence in which the non-zero
bit separation is one constraint length. Imput
sequences of this kind will play a role in ana-

lyzing the turbo code distance spectrum in the -

next sectiofl.

III. THE EFFECT OF THE INTERLEAVER

The analysis of turbo codes with random in-
terieavers in {1], [3] shows that an “average in-
terleaver” achieves excellent performance not
by generating a large free distance, but rather,
by drastically reducing the multiplicity of low-
distance error events. Moreover, the analysis
highlights the important role played by weight-
2 information frames in generating low-weight
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codewords. Indeed, both of these characteris-
tics have been observed empirically in turbo
codes using particular pseudo-random inter-
leavers {1].

Low-weight turbo codewords arise when the
interleaver maps low-weight information frames
that produce low-weight parity in the first di-
mension into frames that produce low-weight
parity in the second dimension. The discus-
sion in the previous section suggests that low-
weight turbo codewords may arise from weight-
2 information frames with non-zero bit posi-
tions {i,i + pL} in the first dimension that
get mapped by the interleaver to bit positions
{j,j+rL}, where L is the parameter in the di-
visibility condition of the previous section; ¢,;
are positive integers < IV; and p,r are integers
small enough that the corresponding informa-
tion sequences produce low parity weight at the
encoder output.

We analyzed the distance spectrum of a turbo
code based upon the aforementioned rate 1/2
constituent encoder and a particular pseudo-
random interleaver of size NV = 10000. (In the
analysis, we assume that, at the end of the infor-
mation frame, the encoders in both dimensions
are driven to the all-zero state by appending ap-
propriate tails of length ) We found that the
free distance of the turbo code is dy,,, = 6 with
free-distance multiplicity Nypee = 4. As was the
case for the N = 65536 turbo code discussed in
{1], all of the minimum-weight codewords cor-
respond to weight-2 information sequences. In
fact, the non-zero bit positions of these weight-
2 sequences and their images under the inter-
leaver mapping satisfied the condition described
above.

We then determined the codewords of weight
16 or less that are generated by weight-2 inputs
where the non-zero information bit positions in
both dimensions are separated by small multi-
ples of the constituent code constraint length.
The codewords with weight 6 or 8 produced by
this search are described in Table I (It can
be shown that the table includes all possibie
weight-6 codewords.} For each bit pair, the bit
separation in the first dimension and the bit
separation in the second dimension after per-
mutation by the interleaver are indicated in the
column labeled “Mapping”. The bit separation
is given in terms of the number of constraint
lengths L = 5 that it spans.

The total numbers of non-zero information bit
positions in the calculated codewords of weights
6, 8, 10, 12, 14, and 16 were found to be 8, 26,
38, 34, 24, and 8, respectively.
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Bit pairs for d = 6 (dimension 1)

Mapping
T~ 1_| (1979,1984)(5861,3366)

12 {785,790)(1383,1388)

Mapping | Bit pairs for d = 8 (dimensicn 1)
152 | (5117,5122)(5827,5832)(9014,0019)
13 | (449,454)(1280,1285)(5566,5571)
2wl (4253,4263)

22 | (1163,1173)
3= 1 | (3518,3533)(7132,7147)
3> 2 | (5804,5810)(9136,9151)
42 | (3132,3152)

TABLE 1

WEIGHT-2 INPUTS GENERATING TURBO CODEWORDS OF
WEIGHTS 6 AND 8
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Fig. 2. Simulated BER and asymptotes for distances 6
and 8

IV. IMPrROVING BER BY DISCARDING
SPECTRAL LINES

Fig. 2 shows the simunlated BER as a func-
tion of SNR for the N = 10000 turbo code of
the previous section. Also shown are the free- ]
distance asymptote, the asymptote correspond-
ing to the weight-8 codewords listed in Table I,
and the curve reflecting the contributions to the
union bound of all of the codewords of weight

16 or less found by the interleaver analysis in .

Section 111~

Fig. 3 shows a histogram of the comulative
number of errors that occurred at each bit po-
sition in the information frame for SNR=2 dB.
A total of 2,177,440,000 information bits were
encoded and 3501 bits were decoded in error,
yielding a BER of 1.61 x 10~5. Of these bit er-
rors, 2959 occurred at positions associated with
the codewords of weight 16 or less that we found
in our search. In particular, 1676 bit errors cor-
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Fig. 3. Cumulative bit etrors per bit pesition in frame

responded to d = 6 codewords, 952 to d = 8,
279tod=10,44t0d=12,8t0d=14,and 0
tod=16.

If we decompose the asymptotic performance
bound into spectral lines as in [1], it is clear that
the spectral line corresponding o dfree = 6 has
the greatest impact on the performance. This
suggests a simple modification to the turbo en-
coder that will improve BER performance. Us-
ing the results of the codeword search, the en-
coder can be modified so that it does not write
information in the bit positions associated with
minimum-weight codewords in Table I, treat-
ing the locations as dummy bit positions. If
a free-distance error event occurs during de-
coding, only these positions in the information
frame will be affected, so the actual information
bits remain uncorrupted. Thus, the modified
encoder effectively removes the contribution to
the BER represented by the free-distance spec-
tral line.

Fig. 4 compares the simulated BER curve of
Fig. 2 to the BER curve obtained when the
bit positions corresponding to minimum-weight
codewords are ignored. The simulated BER
is reduced by a factor of about 2 relative to
the criginal BER. Also shown is the distance-
8 asymptote reflecting the weight-8 codewords
listed in Table [. The plot shows the expected
changes to the error floor, namely a lowering
and change in slope.

The modified encoder incurs a rate loss
through this introduction of dummy bit posi-
tions. However, the impact is slight for large
interleaver size. For the length N = 10000 in-
terleaver studied in this paper, the loss is 8 in-
formation bits out of 10000, implying a reduc-
tion in rate of approximately 04 percent. If
applied to the N = 65536 turbo code in [1],
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Fig. 4. Simulated BER with distance-6 events removed

the modified encoding procedure would discard
only 6 information bits out of 65536, causing
& decrease in the code rate amounting to less
than one hundredth of one percent.

Given a characterization of bit positions af-
fected by other low-distance error events, the
encoder can be further modified to avoid writ-
ing information into those locations, thereby
providing additional improvement to the BER
performance. By referring to Table I, we modi-
fied the encoder to avoid positions correspond-
ing to codewords of weight 8, in addition to
those of weight 6. The simulated BER is re-
duced by an additional factor of about 2, yield-
ing a total reduction factor of 4 relative to the
original BER. The rate loss incurred in achiev-
ing this reduced BER was slight, amounting to
only 34 information bits per frame, or about
0.17 percent.

Finally, the encoder was modified to succes-
sively avoid all of the positions affected by the
codewords with weight 16 or less that we found

in our search. Fig. 5 shows the progressive re-.

duction in the error floor, culminating in a BER
improvement that is almost an order of magni-
tude at an SNR of 2 dB. The rate penalty in
this last case amounts to only 138 information

bits out of 10000, or a reduction of about 0.7 -

percent. .

V. CONCLUSIONS

We have presented a new method to lower the
error floor of turbo codes with sparse distance
spectrum. The technique involves identification
of the bit positions associated with low-weight
codewords, and modifying the encoder to avoid
writing information in those locations. Simula-
tion results for a particular turbo code using a
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Fig. 5. Simulated BER with information weight 2
events of distance 16 or less removed

pseudo-random interleaver of length N = 10000
show almost an order of magnitude improve-
ment in BER at SNR=2 dB, with a code rate
penalty of less than 1 percent.

In the simulations reported here, the decoder
was not modified in any substantial manner, op-
erating as usual and simply ignoring the final
estimated bits in the dummy positions. We are
investigating modifications to the decoder that
will explicitly take into account the values in-
serted by the encoder into the dummy bit posi-
tions.

One can also increase the minimum distance
by designing an interleaver that avoids certain
permutations, such as those described in Sec-
tion III. The spirit of this approach is similar
to that of the “S-random” permutations intro-
duced by Divsalar and Pollara [4]. It is possible
that a combination of this constrained inter-
leaver design and the modified encoding tech-
nique presented in this paper may further im-
prove turbo code performance.
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