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Serial Concatenated TCM With an Inner Accumulate
Code—Part II: Density-Evolution Analysis
Hugo M. Tullberg, Member, IEEE, and Paul H. Siegel, Fellow, IEEE

Abstract—In a companion paper, we showed the existence of decoding thresholds for maximum-likelihood (ML) decoding of a serial concatenated trellis-coded modulation (SCTCM) system with
one or more inner accumulate codes. In this paper, we compute
the decoding thresholds for an iterative, non-ML decoder by density evolution (DE), assuming infinite blocklengths. We also derive a stability condition for the particular case of an outer paritycheck code and a single inner accumulate code. We show that, for
equiprobable signaling, the bit-wise log-likelihood ratio densities
for higher order constellations are symmetric. Furthermore, when
used in DE, these densities can be averaged without significantly
affecting the resulting threshold values. For an outer single paritycheck code, the lowest decoding thresholds are achieved with two
inner accumulate codes. For an outer repeat code, a single inner ac2 3,
cumulate code gives the lowest thresholds. At code rates
the decoding thresholds for the SCTCM system are within 1 dB of
the constellation-constrained channel capacity for additive white
Gaussian noise channels, and within 1.5 dB for independent, identically distributed Rayleigh channels. Simulation results verify the
computed thresholds.
Index Terms—Accumulate codes, density evolution (DE), fading
channels, iterative decoding, serial concatenation, stability condition, trellis-coded modulation (TCM).

I. INTRODUCTION

T

URBO codes [1] and interleaved serially concatenated
codes [2] allow us to approach Shannon’s theoretical
capacity limit using practical, suboptimal iterative decoding.
Trellis-coded modulation (TCM) [3] is a well-established technique to obtain coding gains without bandwidth expansion. The
desire to design systems that provide bandwidth-efficient communication close to capacity motivated researchers to merge
turbo-like codes and TCM, and several such “Turbo-TCM”
systems have been proposed in the literature. Parallel concatenated TCM (PCTCM) was studied in [4] and [5], and serial
concatenated TCM (SCTCM) was introduced in [6]. In order
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to reduce the decoding complexity, SCTCM schemes with
low-complexity rate-1 inner codes were proposed in [7].
Inspired by the analytical tractability of repeat-accumulate
(RA) codes [8] and their generalizations [9], this paper studies
an SCTCM system with inner rate-1 accumulate codes. In this
paper, we propose an SCTCM scheme with a single or multiple inner rate-1 accumulate code(s), each preceded by an interleaver, followed by a mapping to a higher order, Gray-labeled
signal constellation.
To achieve higher spectral efficiency, we consider parity-accumulate (PA) codes, where the outer code is a single paritycheck (SPC) code. However, the minimum distance of the outer
, and two or more inner accumulate codes
SPC is
are required to make the word-error rate (WER) go to zero as
the blocklength tends to infinity. With an outer high-rate con, we simultaneously achieve high
volutional code with
spectral efficiency and asymptotically vanishing WER with only
a single inner accumulate code.
Bit-interleaved coded modulation (BICM) was initially
proposed to increase the diversity over fading channels, with
only a modest performance degradation over additive white
Gaussian noise (AWGN) channels [10]. BICM with iterative
decoding (BICM-ID) has been shown to give almost the same
performance as Turbo-TCM over AWGN channels, but at a
lower complexity [11], [12]. A BICM system can be considered
to be a special case of the proposed SCTCM system, since a
BICM system consists of an outer convolutional code, no inner
code, a channel interleaver, and a Gray-labeled constellation.
We show a comparison of the performance of the proposed
SCTCM system and BICM-ID over a correlated Rayleigh
fading channel in [13] and [14].
In this paper, we restrict the binary outer code to be either an
SPC code or a repeat code for the sake of simplicity of analysis.
We present an asymptotic analysis of this SCTCM scheme under
iterative decoding, where the blocklength goes to infinity, based
on the density-evolution (DE) technique [15]. In a companion
paper [14], we studied the performance of the same SCTCM
scheme via union bounds (assuming the optimal and prohibitively complex maximum-likelihood (ML) decoding), and calculated the potential thresholds under ML decoding. However,
due to the weakness of the union-bound technique, the thresholds calculated in this paper are much more encouraging, and
indicate the potential of these coding schemes, even under suboptimal iterative decoding.
DE was introduced as a method to analyze message-passing
decoders [15]. A code can be described by a graph, and the message-passing decoder passes messages along the edges of the
graph. In DE, the messages are the densities of the log-likelihood ratios (LLRs) for the bits, and by tracing the evolution of

0090-6778/$20.00 © 2005 IEEE

TULLBERG AND SIEGEL: SERIAL CONCATENATED TCM WITH AN INNER ACCUMULATE CODE—PART II

Fig. 1. SCTCM system under consideration consists of an outer repeat or
SPC code, one or more inner interleaved accumulate codes, an optional channel
interleaver , and a mapper to a Gray-labeled constellation.
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The memoryless mapper maps an -tuple of bits, , to a con, where is a Gray-labeled constellation
stellation point
.
of size
We receive
, where is a sample from an i.i.d.
in
Rayleigh fading process, and is AWGN with variance
each dimension. At the decoder, bit metrics are calculated by

9

the densities as the decoding progresses, we can determine the
minimum channel signal-to-noise ratio (SNR) needed for the
message-passing decoder to converge to the correct codeword
with high probability. By applying DE, we find the threshold
for a message-passing decoder for the SCTCM system under
consideration.
For PA codes, decreases very slowly as the number of decoding iterations increases. It is, therefore, hard to determine an
accurate numerical value for the threshold for PA codes via DE.
In this case, we derive a stability condition, similar to the one
in [16], to determine thresholds for these codes. In the stability
analysis, we assume that decoding has progressed successfully
to a point where only a small fraction of bits remain in error.
The stability condition then gives the minimum channel SNR required to ensure that the remaining errors vanish as the number
of decoding iterations goes to infinity.
The probability density functions (pdfs) for the LLRs of the
bits play an important role in the DE and stability analysis. Multiple bits are transmitted in each channel symbol, and the pdfs
for the bits are different. We show that the resulting pdfs are
symmetric [16] under certain assumptions. Furthermore, our
analysis shows that the pdfs can be averaged, simplifying the
analysis, without significantly affecting the computed thresholds.
We report numerical values for the thresholds for RA and
PA codes of various rates, used with 8-ary phase-shift keying
(8-PSK) and 16-quadrature amplitude modulation (QAM) constellations over AWGN and independent, identically distributed
(i.i.d.) Rayleigh fading channels. The simulated performance of
the proposed SCTCM system corresponds well to the computed
thresholds.
The paper begins with a brief description of the proposed
system in Section II. Section III treats the DE, and in Section IV,
we derive the stability condition. In Section V, we report some
simulation results. Our conclusions are presented in Section VI.
II. SYSTEM DESCRIPTION
The encoder, shown in Fig. 1, consists of an outer block code,
one or more inner interleaved accumulate codes, an optional
channel interleaver, and a mapping to a higher order Gray-labeled signal constellation.
repeat code or a
The outer code is either a
SPC code. The component codes are separated by
an interleaver . In the analysis, we assume that is a uniform
interleaver [17], and in the simulations, we use an S-random
interleaver [18]. The accumulate code can be thought of as a
recursive rate-1 convolutional code with generator matrix

(1)
where
is the th bit in the binary label of the transmitted
is the set of points
symbol, and
in the constellation such that the th bit,
,
.
in the binary label of the point has the value ,
The bit metrics are fed to a message-passing decoder, which is
described in detail in Section III-C.
III. DENSITY EVOLUTION
In this section, we compute the LLR densities of the received
bits for higher order constellations, and show that the densities
are symmetric in the sense of (5) below [16]. (This property was
earlier called “consistency” [19].) We describe the code graphs
and the message-passing algorithm, and use DE to determine
thresholds for the proposed SCTCM system when a messagepassing decoder is used.
A. Densities for Higher Order Constellations
For output symmetric channels [15], it can be assumed that
the all-zeros codeword was transmitted. All received bits will
then have a common LLR density, which simplifies the DE
analysis. Since we are considering higher order constellations,
we cannot make this assumption. Instead, we assume that all
constellation symbols are transmitted equally likely, and define
the LLR as the LLR of receiving the same bit value as was
transmitted. There are bits in the label for each constellation
symbol, so we get possibly different LLR pdfs. The assumption that all constellation symbols are transmitted equally likely
implies that the bits in the label will take on the values 0 and 1
with equal probability, and for long codewords, the LLR pdfs
are independent of the transmitted codeword.1
Let be a signal constellation of size
adbits. Consider the th bit of
mitting a binary labeling with
the binary label. (Henceforth, we omit the bit index for clarity,
but all functions depend on the bit under consideration.) Let
be the subset of where the th bit in the label is zero, and
. Let
be the index set for the elements in
, and let
be the transmitted symbol.
We compute the LLR of receiving the same bit value as was
transmitted. Since depends on which symbol was transmitted, we express LLR as

(2)

where the random variable is the received value, and
is the pdf of , given that the symbol
was transmitted. If
1This

assumption is similar to the channel adapter in [20].
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we assume that all symbols are transmitted equally likely, the
density for becomes
(3)
Note that for any labeling
.
, is a one-dimensional (1-D)
The value of the LLR,
random variable and a function of the possibly multidimensional
. The
random variable . For 2-D modulation, let
LLR then becomes a function of a 2-D random variable,
. The pdf for the LLR,
, can then be calculated by
[21, p. 167]
(4)
If, for a fixed value of and , the equation
(or equivalently,
) has multiple solutions, then (4)
should be integrated over all such solutions.
In the 1-D case, the LLR functions and are functions of
one random variable, and the partial derivative in (4) becomes
or
with respect to .
the ordinary derivative of
For binary phase-shift keying (BPSK) modulation,
and
. It is straightforward to show that
is
and variance
Gaussian with mean
. For BPSK modulation over a Rayleigh fading
channel, the pdf conditioned on the fading power is Gaussian,
and the unconditional pdf is given by

Fig. 2.

Code graph for a r

= 2=3 PA

code without channel interleaver

9.

This symmetry property is used in the stability condition in Section IV.
Theorem 1: For a higher order constellation and equiprobis symmetric
able signaling, the bit log-likelihood density
in the sense of (5) for all bits in the labels.
Proof: The proof is given in the Appendix.

vertex classes
if the set of vertices can be parand
,
,
titioned
and no edge joins two vertices from the same class. For code
graphs, consists of variable nodes corresponding to the codeword bits, check nodes corresponding to the parity-check equations and, if the code has memory, state nodes. Block codes,
such as low-density parity-check (LDPC) codes [22], are described by bipartite (2-partite) graphs. We view the accumulate
code as a convolutional code, so the graph representation of the
accumulate code will have state nodes. Therefore, the graph representation of the RA and PA codes are 3-partite.
Two vertices
are said to be adjacent if they
. The set of vertices
are connected with an edge
adjacent to is called the neighborhood (of depth 1) of and
. The neighborhood of depth of is the set of
denoted
vertices connected to by a path of length at most , and is
. Let
denote the set of edges connecting the
denoted
vertex to its neighborhood (of depth 1). The degree of a vertex
is the number of edges connected to that vertex,
.
In Fig. 2, we show a code graph for a PA code. Bit nodes are
drawn as circles, state nodes as double circles, and parity-check
nodes as squares.2

B. Code Graphs

C. Message-Passing Decoders

A linear code can be thought of as a linear system of equations, with variables and check equations. A graph can be used
to visualize the structure of the code, i.e., the connections between variables (codeword bits and, if the code has memory,
states) and parity-check equations.
is an ordered pair of disjoint sets
and
A graph
, where
is the set of vertices (or nodes) and
is the set
denotes the set of vertices, and
of edges. If is a graph,
the set of edges of . A graph is said to be -partite with

In a message-passing decoder, messages are passed along the
edges of the code graph. The message passed along an edge is
the current opinion, or belief, about a bit. The message sent from
, depends on all messages to
a node along an edge ,
node except the message along the edge . The code graph

For higher order constellations, we find the density in (4) numerically. For fading channels, we use (4) as the expression for
the pdf conditioned on the fading power. The unconditional pdf
is found by numerically integrating over the fading power distribution.
A density is called symmetric if [16]
(5)

2An accumulate code has two states, 0 and 1, and the ending state in a trellis
transition is the same as the output from the code. A separate state node, as in
Fig. 2, is, therefore, somewhat superfluous, but highlights the memory of the
code.
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per se is undirected, but the message going from to , where
, is different from the message going from to .
Bit nodes represent bits, and all messages should agree on a
common bit value. The outgoing message along the th edge
from a bit node of degree is given by the sum of the incoming
LLRs, except the contribution on the th edge
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TABLE I

E =N THRESHOLDS IN DECIBELS FOR ITERATIVE DECODING. 8-PSK
MODULATION OVER AWGN CHANNEL

(6)

A repeat code imposes the same constraint as a bit node—all
variables should agree on a common bit value. The operation
carried out in the “repeat node” is, therefore, the sum in (6).
The final decision in the repeat node is based on all incoming
messages.
At the parity-check nodes, random variables are added under
a parity constraint. The outgoing message on the th edge from
a check node of degree is given by the tanh operation [23]

In the context of DE, the messages are not the beliefs about a
particular received bit, but rather the pdf of the LLR of the bit.
, is
When we want to stress that the message on an edge ,
.
a pdf, we write
At the bit and repeat nodes, random variables are added, and
their pdfs are convolved. The outgoing message along the th
edge from a bit or repeat node of degree is given by the
-dimensional convolution

At a parity-check node of degree , the outgoing message on
-dimensional integral
the th edge is given by the

passing to the next accumulate code decoder. From Fig. 2, we
get the update equations for the inner accumulate code as

(8)
where the index additions and subtractions are modulo . Note
that these are local updates, we do not perform the full forward
and backward recursions of the Bahl–Cocke–Jelinek–Raviv
(BCJR) algorithm [24].
If multiple accumulate codes are used, the update equations
for the th accumulate code are the same as above, but the
channel densities
are replaced by the single message
,
and the superscript in (8) is omitted. The update equations for
a
SPC code and a
repeat code are

(7)

where the region

is given by

We denote the operation in (7) by .
In Fig. 2, we indicate the messages passed in the decoding
of a PA code. If no channel interleaver is present between
the inner code and the signal mapper, then different channel
,
, are passed to the first accumulate
densities
code decoder. The forward and backward state messages are
denoted and , and and denote the messages up to and
different , , and
down from the next decoder. We get
messages in the first decoder (subscripts denote the code layer,
and superscripts denote variables within the code). Due to the
are averaged before
interleaver , the upward messages

respectively, where the superscript
denotes applying
arguments, and similarly for
.
the operation to
If the interleaver is present, the channel densities are averaged over the bits in the constellation, and we pass the density

to the decoder. In this case, the superscript
above.

is omitted in (8)

D. Numerical Results
We trace the evolution of the bit LLR pdfs as the number of
iterations increases, and determine , the maximum channel
, such that for all
,
as
. We assume that
is loop-free for all
, which implies independent messages [15].
thresholds
above
In Tables I–IV, we report the
as
. The thresholds for accumulate codes
which
and different channel densities are denoted , and the thresh-
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TABLE II

E =N THRESHOLDS IN DECIBELS FOR ITERATIVE DECODING. 8-PSK
MODULATION OVER INDEPENDENT RAYLEIGH FADING CHANNEL

In the tables, we also give the capacity for the channels under
consideration. The 2-D channel capacity for an unconstrained
SNR . For condiscrete-time AWGN channel is
strained input channels, such as PSK and QAM, and equiprobable signaling, the capacity for AWGN channels is given by [3]

(9)
In (9), we use Monte-Carlo simulation to find the expected value
of the random variable , which is Gaussian distributed. For an
independent Rayleigh fading channel, we extend (9) and get the
constrained capacity as

TABLE III
DECIBELS FOR ITERATIVE DECODING.
16-QAM OVER AWGN CHANNEL

E =N THRESHOLDS

E =N THRESHOLDS
16-QAM

(10)

IN

TABLE IV

IN DECIBELS FOR ITERATIVE
OVER INDEPENDENT RAYLEIGH FADING

DECODING.
CHANNEL

olds with one averaged channel density are denoted . Rates
correspond to outer repeat codes, and rates
correspond to outer SPC codes. For
, repeat and SPC
codes are the same. For numerical reasons, we have defined the
for which
within
decoding threshold as the
500 iterations.

Again, we use Monte-Carlo simulation to evaluate the double
expectation in (10), where the fading amplitude is Rayleigh
and
denote the minimum
distributed. In Tables I–IV,
needed to achieve the corresponding rate for an unconstrained and a constrained channel, respectively.
In the tables, we notice that for an outer repeat code, a single
inner accumulate code gives the lowest threshold. For an outer
SPC, the lowest threshold is achieved with two accumulate
codes. We know from the coding theorems in [14] that for PA
codes,
as
, but
does not. This implies
, but
grows
that the number of bit errors in a word
slower than
(or stays constant), so
as
. Therefore, the thresholds for PA codes are really
grows slower than
. Note that
thresholds above which
thresholds in Tables I–IV
for PA codes, the value of the
depend on the choice
. In Section IV, we derive a
stability condition which provides a lower bound on the
threshold. For all other codes, the computed thresholds are
threshold.
insensitive to the choice of the
We can consider a PA code as an outer PA code and one
with a
inner accumulate code. The outer code has a
. Hence, for the concateprobability approaching 1 as
with high probability as
.
nation PA ,
For PA codes of rate
, the thresholds are about
1 dB away from the constrained capacity for AWGN channels,
and about 1.5 dB away for Rayleigh fading. For RA codes, the
gap to the constrained capacity is between 1.5 and 2 dB for both
AWGN and Rayleigh fading. All codes under consideration are
regular. By using irregular RA codes [25], [26] or irregular PA
codes, we expect to reduce the gap to capacity.
We also notice that the differences between the thresholds
computed with different channel densities and the thresholds
computed with one averaged density are small, in particular for
higher rates. Using one averaged channel density simplifies the
threshold computations.
IV. STABILITY CONDITION
As noted in the previous section, the DE thresholds for PA
codes depend on the choice of target . To avoid this, we now
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derive a stability condition similar to the one in [16]. We assume
that decoding has progressed successfully to a point where only
a small fraction of bits remain in error, that is, the LLR density is close to a unit impulse. The stability condition gives the
minimum channel SNR required to ensure that the LLR density becomes a unit impulse at positive infinity as the number of
decoding iterations goes to infinity. If the messages in the DE,
the pdfs, are symmetric in the sense of (5), then a unit impulse
implies that
for all
, and hence, the
at
bit-error probability (BEP)
.
Let a message consist of a discrete part at positive infinity, ,
,
,
and a continuous general density
that is

where
is the fraction of the pdf at
, and is the fraction
in the continuous part. We assume that a sufficient number of
iterations have been performed so is small. For the decoder to
, the continuous
have a fixed point, i.e., to be stable, at
part of the message must vanish as the number of iterations
for which
goes to infinity. We wish to find the lowest
vanishes.
We consider a rate
parity code and simplify the notation by incorporating the state information in the
bit node. The case of one averaged channel density was treated
in [27], and here we also analyze the case of multiple channel
densities.3
A. Averaged Channel Density
When the channel interleaver is present, we average the
pdfs from the channel. This simplifies the analysis, since all
messages from a given node will be the same. A fragment of
the corresponding decoding graph is shown in Fig. 3(a).
In general, the operations performed at the nodes can be any
two operations, as long as they are associative and commutative,
and preserve the symmetry of the pdfs. In this case, the operations are and , as previously described, which are associative and commutative. It was shown in [16] that they preserve
the pdf symmetry.
From the graph in Fig. 3(a), we get the following relationships
between the messages:

Fig. 3. (a) Fragment of the simplified decoding graph with a common,
averaged channel density. The one-input, one-output bit node between the
accumulate code and the SPC is omitted for clarity. (b) Fragment of decoding
graph with multiple input densities.

The probability of bit error is

For

The update equation for the message and the decision message
in terms of the message are
(11)
(12)
3The notation for the single-density case is different in this paper in order to
be compatible with the notation for the multiple-density case.

to go to zero, the continuous part of the message
,
, must vanish on the interval
as the number of itergoes to infinity. Since
is symmetric, this implies
ations
goes to zero if and only if
as the number
that
of iterations goes to infinity.
,
In order to expand (12), note that
, and
. Expanding the update equation for
message as given in (11)

258

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 53, NO. 2, FEBRUARY 2005

Assuming

small, we neglect

and higher terms, yielding
(13)

After iterations, the update equation is

and the decision message

The BEP

after iterations is

code and the SPC, the messages are averaged before decoding
the SPC. Hence, the messages in and out of the SPC nodes are
all the same. A fragment of the decoding graph is shown in
Fig. 3(b).
In the previous section, the message and were the same
for all nodes. Here we need to account for multiple channel densities and index the messages. The messages become
, where
and
. Again,
. All index addiwe express the other messages in terms of
tions and subtractions are performed modulo . From Fig. 3(b),
we get

is given by
At the input of the interleaver, we have
(14)

Since
only if

is a symmetric density and

, (14) goes to zero

and at the output of the interleaver

(15)
goes to zero as
. Using Chernoff’s large deviation result,
as in [16], the condition in (15) can be restated as saying that
Define the averages

and
. Then we have

(16)

must go to zero as

. By defining the parameter

as

The output from the SPC is

and the decision message is
the condition in (16) reduces to
(17)
The update equations for
Finding the lowest channel SNR such that (17) is met gives us a
threshold , below which
. That is, the stability
condition is a necessary condition and provides a lower bound
threshold. It is stated without proof in [16] that
on the
the condition is both necessary and sufficient. The stability conthreshold above
dition would, therefore, also provide an
as
.
which
B. Multiple Channel Densities
In this section, we derive a stability condition where we condifferent densities from the channel. We now need to
sider
keep track of different messages in the decoding of the accumulate code. Because of the interleaver between the accumulate

are

(18)
It is interesting to compare these expressions with (13), the update equation for in the case of a single averaged channel density. Here, is an average over the
, and if all
are equal,
the expressions in (18) are identical to (13). Instead of averaging the channel densities before the decoder, the averaging
takes place within the decoder.
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TABLE V
STABILITY CONDITION E =N THRESHOLDS
DECIBELS FOR 8-PSK AND 16-QAM

IN

The stability condition for densities is somewhat more involved than the corresponding criterion for an averaged density.
, such that the first element of
Let be a vector of densities
is the sum of the two densities
that are convolved with
in the update equations for
(18). Let
be a column
and
be the avvector of the channel densities
eraged channel density.
The message after iterations can then be expressed as

and the update equation for the continuous density
by

where
is then

is the vector
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Fig. 4. Comparison of simulations to the DE threshold for an r = 1=3
RA code with blocklength N = 10 . The vertical, dot-dashed line is the DE
threshold.

is given

after iterations. The BEP as

(19)

Fig. 5. BER and WER as a function of the blocklength N . For the dotted line,
N = 10 , for the dot-dashed line, N = 10 , dashed line, N = 10 , and for
the solid line, N = 10 . The vertical, dot-dashed line is the stability condition
threshold.

If the

channel densities are all equal, then
, and (19) collapses to (14).
Since the expressions for the single density and multiple densities are almost the same, we do not expect any large differences in the threshold values. Indeed, in Table V, we see only
small differences between the thresholds obtained from the two
,
methods. The threshold for an averaged density is denoted
.
and the threshold for densities is denoted
V. SIMULATION RESULTS
In Fig. 4, we compare simulated bit-error rate (BER) performance of an RA code to the DE thresholds for 8-PSK modulation over AWGN. The code rate is 1/3 and the blocklength

. The DE threshold is 1.44 dB, and is indicated with
a vertical dash-dotted line. The simulated performance corresponds well to the threshold.
In Fig. 5, we show the BER and WER for rate-2/3 PA codes
of different blocklengths for 8-PSK modulation over AWGN.
We compare the BER with the stability condition threshold at
6.18 dB. As the blocklength increases, the BER decreases, but
the WER does not depend on the blocklength. This is consistent
with the coding theorems in [14].
In Fig. 6, we show the BER and WER for rate-2/3 PA and
, 8-PSK modulation over an
PA codes, blocklength
AWGN channel. As the SNR exceeds the DE thresholds, both
the BER and WER decrease rapidly.
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random variables and , we get the pdf of the received values
and , conditioned on the transmitted symbol , as

Assuming all symbols are transmitted equally likely, the unconditional pdf is given by (3). The LLR is a function of two
, and the pdf of the LLR,
,
random variables,
is calculated by (4). If, for fixed values and , the equation
has several solutions, (4) should be integrated
over all such solutions.
A. Proof for 2-D Constellations
We are now ready to verify (20). Define, for given values of
and , the sets

Fig. 6. BER (solid lines) and WER (dashed lines) for PA and PA codes,
left and right plots, resp., with 8-PSK modulation over an AWGN channel. The
= 10 , and the dot-dashed lines are the DE thresholds.
blocklength is

N

(21)
VI. CONCLUSIONS

We have analyzed an SCTCM system with one or more inner
threshaccumulate codes. We have used DE to compute
olds for an iterative message-passing decoder. For PA codes,
we have also computed lower bounds on the
thresholds
using a stability condition.
We have devised a method to compute the LLR pdfs for
higher order constellations, and shown that these pdfs are symmetric. Furthermore, the different LLR pdfs of a higher order
constellation can be averaged without significantly changing
the computed DE and stability condition thresholds.
For PA codes, which have the lowest thresholds of the PA
codes, and 8-PSK modulation over AWGN channels, the thresholds are about 1 dB away from the constrained capacity for
, and closer to capacity for higher rates.

where sets may be empty. By definition,
so
and
.
Inserting first (3) into (4) and then (4) into (20) yields

Split the summation into sums over
and , and let
denote the Jacobian evaluated using
and
respectively. The right-hand side of (22) becomes

,

(22)
and
,

(23)

APPENDIX
SYMMETRY OF LOG-LIKELIHOOD PDFS
Let the random variable be an LLR and the value an outcome of . In this appendix, we show that the pdf
for the
LLR is symmetric in the sense of [16], i.e., that

Recall that we sum (integrate) over all probability contributions
. Bring
inside the integration to get
for which

(20)
As in Section III-A, is a signal constellation of size
, with a binary labeling of bits,
is the subset of
where the th bit in the label is zero, and
.
and
are defined in
The log-likelihood functions
(2). If the subscript 0 or 1 is omitted, the choice of function
or
depends on the transmitted symbol . For a given value
, the only difference between
and
in (2) is the sign.
The received value is an outcome of the random variable ,
whose mean depends on the transmitted symbol and variance
is the pdf for
depends on the channel SNR. The function
the received value , given that the symbol was transmitted. In
,
, and the functions
two dimensions, let
in (2) become
and
. For independent Gaussian

(24)
By the definitions in (21),
for
, so
and
for any

for
, and
for any
. Then (24) can be written

(25)
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Using the definitions of

and

, we get

REFERENCES

(26)

Cancel terms to reduce (26) to

(27)

Since

and

, and
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, we get

B. Proof for 1-D Constellations
and
are functions
In the 1-D case, the LLR functions
of one random variable. The Jacobian determinants become the
and
with respect to . The proof of
derivatives of
symmetry follows the proof for the 2-D case.
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