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Abstract—We study partial orders (POs) for the synthesized
bit-channels of polar codes. First, we consider complemen-
tary bit-channel pairs whose Bhattacharyya parameters over
the binary erasure channel (BEC) exhibit a symmetry prop-
erty and provide insight into the alignment of polarized sets
of bit-channels for the BEC and general binary-input memo-
ryless symmetric (BMS) channels. Next, we give an alternative
proof of a recently presented PO for bit-channels and use
the underlying idea to extend the bit-channel ordering to
some additional cases. In particular, the bit-channel ordering
for a given code block-length is used to generate additional
bit-channel ordering relationships for larger block-lengths,
generalizing previously known POs. Examples are provided to
illustrate the new POs.

I. INTRODUCTION

Polar codes, introduced by Arıkan [1], are the first fam-

ily of codes proved to be capacity-achieving on binary-input

memoryless symmetric (BMS) channels with low-complexity

encoders and decoders. The code construction starts from a

channel transformation, where N synthesized bit-channels

W
(i)
N , i = 0, 1, . . . , N − 1, are obtained by applying a linear

transformation to N independent copies of a BMS channel

W . As the block-length N goes to infinity, the synthesized

bit-channels become either noiseless or completely noisy. En-

coding and decoding (by means of a successive cancellation

(SC) decoder, which decodes the bit-channels W
(i)
N succes-

sively) were shown to have time complexity O(N log2 N).
A polar code carries the information on the least noisy

bit-channels and freezes the remaining channels to a prede-

termined value, usually chosen to be zero. However, with the

exception of the binary erasure channel (BEC), it is generally

difficult to precisely measure the quality of the bit-channel

W
(i)
N because of the exponentially growing output alphabet

size as a function of the bit-channel index. Several methods

have been proposed to help select the information-bearing

bit-channels: Monte Carlo simulation was discussed in [1],

density evolution was used in [2], and a Gaussian approxi-

mation for density evolution was proposed in [3]. In [4], Tal

and Vardy accurately approximated the error probabilities of

bit-channels by using efficient degrading and upgrading quan-

tization schemes.

Another important characteristic of polar codes is that the

bit-channel ordering is channel-dependent. Although no gen-

eral rule is known for completely ordering the bit-channels of

a general BMS channel W , some partial orders (POs) that are

independent of the underlying channel W have been found

for selected bit-channels in [5], [6], and [7]. In [5], an or-

dering applicable to the bit-channels with different Hamming

weights is presented. (The Hamming weight of W
(i)
N is de-

fined as the number of ones in the binary expansion of i.) It

states that a bit-channel W
(j)
N is stochastically degraded with

respect to W
(i)
N if the positions of 1 in the binary expansion

of j are a subset of the positions of 1 in the binary expan-

sion of i. The ordering in [6, Theorem 1] and [7] compares

bit-channels with the same Hamming weight. It is based on

the observation that a bit-channel W
(j)
N is stochastically de-

graded with respect to W
(i)
N if j is obtained by swapping a

more significant 1 with a less significant 0 in the binary ex-

pansion of i. Both of these orders are partial, in the sense

that not all bit-channels W
(i)
N , W

(j)
N are comparable. How-

ever, they can still be used to simplify the construction of

polar codes [8].

In this paper, we present further results related to

bit-channel ordering. We first consider complementary

bit-channel pairs of the form (W
(i)
N ,W

(N−1−i)
N ). By analyz-

ing properties of their Bhattacharyya parameters, we identify

a symmetry property on the BEC and provide a condition

for the alignment of polarized sets of bit-channels for the

BEC and a general BMS channel W . Next, we provide an

elementary proof of the main PO in [6] and use the proof

idea to extend the PO to a larger subset of bit-channels.

In particular, the bit-channel ordering for a given code

block-length is used to generate additional bit-channel or-

dering relationships for larger block-lengths, generalizing

previously known POs. We also present several examples

for the BEC to illustrate the new POs.

The rest of this paper is organized as follows. In Section II,

we present notations and definitions, as well as some basic re-

sults relating to key bit-channel parameters. In Section III, we

consider bit-channel pairs (W
(i)
N ,W

(N−1−i)
N ) whose binary

expansions represent complementary polarization sequences.

In Section IV, we give an elementary proof of the main PO

in [6] and use the proof technique to derive some general-

ized POs. Some specific examples for the BEC are given in
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Section V, and further properties of BEC bit-channel order-

ing are examined. Finally, Section VI discusses some results

for general BMS channels relating to bit-channel POs based

upon Bhattacharrya parameter and error probability, rather

than channel degradation.

II. PRELIMINARIES

Consider a BMS channel given by W : X → Y , with in-

put alphabet X = {0, 1}, output alphabet Y and transition

probabilities {W (y|x) : x ∈ X , y ∈ Y}. Define the Bhat-
tacharyya parameter of the channel W as

Z(W ) =
∑
y∈Y

√
W (y|0)W (y|1) (1)

and the error probability of W with uniform input under

maximum-likelihood decoding as

Pe(W ) =
1

2

∑
y∈Y

min{W (y|0),W (y|1)}. (2)

Note that when W = BEC(ε), we have Z(W ) = ε.
The following relations between Z(W ) and Pe(W ) are

given in [9]:

1−
√

1− Z(W )2 � 2Pe(W ) � Z(W ). (3)

Consider the channel transformation (W,W ) →
(W 0,W 1) defined in the following manner. Starting

from the BMS channel W : {0, 1} → Y , the channels

W 0 : {0, 1} → Y2 and W 1 : {0, 1} → {0, 1} × Y2 are

defined as

W 0(y1, y2|x1) =
∑

x2∈{0,1}

1

2
W (y1|x1 ⊕ x2)W (y2|x2), (4)

W 1(y1, y2, x1|x2) =
1

2
W (y1|x1 ⊕ x2)W (y2|x2). (5)

When W is a BEC, the channels W 0 and W 1 are also BECs.

This channel transformation yields the following results

relating to the Bhattacharyya parameters of the channels W 0,

W 1, and W [9]:

Z(W )
√

2− Z(W )2 � Z(W 0) � 2Z(W )− Z(W )2, (6)

Z(W 1) = Z(W )2. (7)

The lower bound and upper bound in (6) are achieved when

W is a binary symmetric channel (BSC) and a BEC, respec-

tively. In particular, when W = BEC(ε), we have W 0 =
BEC(2ε− ε2) and W 1 = BEC(ε2). In [10], similar relations

involving the error probability are proved:

Pe(W
0) = 2Pe(W )− 2Pe(W )2, (8)

Pe(W
1) � 2Pe(W )2. (9)

The channel transformation can be recursively repeated n
times to produce N = 2n bit-channels. For any 0 � i �
N − 1, let bn = b1b2 · · · bn be the binary expansion of i,
where b1 is the most significant digit. For example, if n = 3
and i = 6, the corresponding binary expansion of i is b3 =
b1b2b3 = 110. We denote the binary complement of bn by

b̄n = b̄1b̄2 · · · b̄n. Here, bj ⊕ b̄j = 1 for any 1 � j � n. In

fact, b̄n is the binary expansion of N−1− i. The bit-channel

W
(i)
N can be written as

W
(i)
N = W bn def

= (((W b1)b2)···)bn .

Usually, the Bhattacharyya parameter is used to measure

the quality of a bit-channel. For any ε ∈ (0, 1
2 ) (ε is usually

taken to be very small), the following sets of ε-good and

ε-bad bit-channels are often considered

Gε
n(W ) � {i ∈ {0, 1, · · · , N − 1} : Z(W

(i)
N ) � ε}, (10)

Bε
n(W ) � {i ∈ {0, 1, · · · , N−1} : Z(W

(i)
N ) � 1−ε}. (11)

A stronger measure of bit-channel ordering is provided by

the channel degradation relation.

Definition 1. The channel Q : X → Z is stochastically de-
graded with respect to the channel W : X → Y if there exists

a channel P : Y → Z such that

Q(z|x) =
∑
y∈Y

W (y|x)P (z|y) (12)

for all z ∈ Z and x ∈ X .

We write Q � W (W � Q) to denote that Q (W ) is

stochastically degraded (upgraded) with respect to W (Q).
In this paper, when we use � or � to describe the relation

between two channels, we assume they are not equivalent.

Lemma 1. The channel transformation in (4) and (5) pre-

serves the degradation relation [4, Lemma 5]. Namely, if

Q � W , then

Q0 � W 0 and Q1 � W 1. (13)

III. COMPLEMENTARY BIT-CHANNELS

In this section, we examine properties of bit-channels ob-

tained by complementary polarization sequences. We begin

by considering the basic one-step channel transformation.

Define f0(x) = 2x − x2, x ∈ [0, 1], and f
(n)
0 =

f0 ◦ f0 ◦ · · · ◦ f0︸ ︷︷ ︸
n

.

Proposition 1. For any two BMS channels W and V , if

Z(W )+Z(V ) � a, a ∈ [0, 1], then Z(W 1)+Z(V 0) � f0(a)
and Z(W 0) + Z(V 1) � f0(a).

Proof: According to (6) and (7), we have Z(W 1) =
Z(W )2 and Z(V 0) � 2Z(V ) − Z(V )2. Since the

Bhattacharyya parameter is non-negative, the condition

Z(W ) + Z(V ) � a implies 0 � Z(W ) � a − Z(V ) and

0 � Z(V ) � a. Therefore,

Z(W 1) + Z(V 0) � Z(W )2 + 2Z(V )− Z(V )2

� [a− Z(V )]2 + 2Z(V )− Z(V )2

= a2 + 2(1− a)Z(V )

� a2 + 2a(1− a)

= f0(a). (14)

Interchanging the roles of W and V , we obtain Z(W 0) +
Z(V 1) � f0(a).
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Fig. 1. BEC bit-channels with universal positions when N = 64.

Proposition 2. For any two BMS channels W and V , if

Z(W ) + Z(V ) � a, a ∈ [0, 1], then Z(W bn) + Z(V b̄n) �
f
(n)
0 (a), for all bn ∈ {0, 1}n and n � 1.

Proof: Notice that f0(a) ∈ [0, 1] for any a ∈ [0, 1]. The

result can be proved by applying Proposition 1 recursively n
times.

We have the following three corollaries.

Corollary 1. If Z(W )+Z(V ) � 1, then Z(W bn)+Z(V b̄n) �
1, for all bn ∈ {0, 1}n and n � 1.

Corollary 2. If Z(W ) � 1/2, then Z(W bn) + Z(W b̄n) � 1,

for all bn ∈ {0, 1}n and n � 1.

Remark 1. By Corollary 2, if W satisfies Z(W ) � 1/2, then

the two bit-channels W bn and W b̄n can not both belong to

Bε
n(W ) for any bn ∈ {0, 1}n.

Corollary 3. Let W = BEC(ε) and V = W c def
= BEC(1 −

ε), ε ∈ (0, 1). So Z(W ) + Z(W c) = 1. Then Z(W bn) +
Z((W c)b̄

n
) = 1, for all bn ∈ {0, 1}n and n � 1.

In Fig. 1, we plot the Bhattacharyya parameters for bit-

channels obtained by polarizing BECs, with N = 64. Each

curve is labeled by the corresponding bit-channel index i. The

solid and dashed curves with the same color represent com-

plementary bit-channels (W
(i)
N ,W

(N−1−i)
N ). Their rotational

symmetry of order 2 (rotation by an angle of 180◦) with re-

spect to the point (0.5, 0.5) follows from Corollary 3. (This

symmetry was also noted in a recent paper [11].) The bit-

channels shown in the figure have universal positions with

respect to bit-channel ordering in the sense that their po-

sitions in the complete ordering of the 64 bit-channels are

independent of channel erasure probability.

We conclude with some results on the alignment of polar-

ized sets.

Theorem 1. Let V = BEC(ε), ε ∈ (0, 1). For any BMS chan-

nel W , if Z(W ) + Z(V c) � 1, i.e., Z(W ) � ε, then the

ε-good and ε-bad sets defined in (10) and (11) satisfy

Gε
n(W ) ⊇ Gε

n(V ) and Bε
n(W ) ⊆ Bε

n(V ) (15)

for all n � 1 and ε ∈ (0, 1
2 ).

Proof: By Corollary 1, we have Z(W bn)+Z((V c)b̄
n
) �

1, for all bn ∈ {0, 1}n and n � 1. Since V is a BEC, Corol-

lary 3 can be applied to get Z(V bn)+Z((V c)b̄
n
) = 1. Com-

bining the above two relations, we get

Z(W bn) � Z(V bn) (16)

for all bn ∈ {0, 1}n and n � 1. Therefore, Z(V bn) � ε
implies that Z(W bn) � ε, or Gε

n(W ) ⊇ Gε
n(V ). Similarly,

we find Bε
n(W ) ⊆ Bε

n(V ).

Remark 2. Theorem 1 can also be derived by using the re-

sults in (6) and (7). Further results about the alignment of

polarized sets are given in [12].

IV. PARTIAL ORDERS

In this section, we give an elementary proof of the main

PO in [6] based on mathematical induction. We then use the

underlying idea to generalize the PO.

A. New Proof

The following basic lemma follows from the discussion of

the case N = 4 in [6].

Lemma 2. For any BMS channel W , when N = 4, we have

the bit-channel relation W 01 � W 10.

Remark 3. This implies that Z(W 10) � Z(W 01) for any

BMS channel W , a fact that also follows immediately from

(6) and (7), which gives:

Z(W 10) � 2Z(W 1)−Z(W 1)2 = 2Z(W )2−Z(W )4, (17)

Z(W 01) = Z(W 0)2 � [Z(W )
√
2− Z(W )2]2. (18)

If W is replaced by W pn

, for all pn ∈ {0, 1}n and n � 1,

Lemma 2 implies

W pn01 � W pn10. (19)

Applying Lemma 1 recursively yields

W pn01qm � W pn10qm (20)

for all qm ∈ {0, 1}m and m � 1. We restate the main PO in

[6] as follows.

Theorem 2. For any BMS channel W , the degradation rela-

tion

W pn0rl1qm � W pn1rl0qm (21)

holds for all pn ∈ {0, 1}n, rl ∈ {0, 1}l, qm ∈ {0, 1}m, and

n, l,m � 0.

Proof: The proof proceeds by mathematical induction.

It is easy to see that when l = 0, (21) reduces to (20). Now

assume (21) is true for l = k, k � 0, i.e.,

W pn0rk1qm � W pn1rk0qm
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holds for all rk ∈ {0, 1}k, pn ∈ {0, 1}n, qm ∈ {0, 1}m, and

n,m � 0.

For the induction step, let l = k + 1, denoting the addi-

tional bit by rk+1. There are two cases to consider.

(i) If rk+1 = 0, the following relations hold:

W pn0rk+11qm = W pn0rk01qm
(a)

� W pn0rk10qm

(b)

� W pn1rk00qm = W pn1rk+10qm . (22)

Here, (a) follows from (20) and (b) is based on the induction

hypothesis for l = k.

(ii) If rk+1 = 1, the following relations hold:

W pn0rk+11qm = W pn0rk11qm
(c)

� W pn1rk01qm

(d)

� W pn1rk10qm = W pn1rk+10qm . (23)

Here, (c) is based on the induction hypothesis for l = k and

(d) follows from (20).

Combining cases (i) and (ii), we have

W pn0rk+11qm � W pn1rk+10qm

for all rk+1 ∈ {0, 1}k+1, pn ∈ {0, 1}n, qm ∈ {0, 1}m, and

n,m � 0. This completes the induction step.

Remark 4. Theorem 2 presents the same PO as in [6, Theo-

rem 1], and (20) leads to the Covering Relation (CR) of the

PO proposed in [6].

B. Generalized PO

The PO in [6] applies to bit-channels with the same Ham-

ming weight. With the exception of the PO in [5], little is

known about relations among bit-channels with different

Hamming weights. We now exploit the idea in the proof of

Theorem 2 to derive some additional bit-channel orderings,

generalizing the PO in [6].

Theorem 3. Let ak be a binary sequence of length k and

bm, cm be binary sequences of length m, for k � 0 and

m � 1. Let W be a BMS channel, and assume W bm � W cm .

If the condition

W bmak1n � W cmak0n (�)

holds for some n � 1, then

W bmakdh1n � W cmakdh0n (24)

holds for all dh ∈ {0, 1}h and h � 1.

Proof: We first let h = 1. There are two cases to con-

sider.

(i) If d1 = 0, we have

W bmak01n � W bmak1n0 � W cmak0n0 = W cmak00n . (25)

The first degradation relation follows from the PO of Theo-

rem 2, and the second degradation relation is based on ap-

plying Lemma 1 to the condition (�).

(ii) If d1 = 1, we have

W bmak11n = W bmak1n1 � W cmak0n1 � W cmak10n . (26)

The first degradation relation is based on applying Lemma 1

to the condition (�), and the second degradation relation fol-

lows from the PO of Theorem 2.

Combining cases (i) and (ii) gives

W bmakd11
n � W cmakd10

n

. (27)

Repeating this argument for successive inserted bits

d2, . . . , dh completes the proof.

Remark 5. If W bm � W cm , then we have

W bmak1n � W cmak0n

holds for all ak ∈ {0, 1}k and k � 0. Hence, there is no ak

that satisfies the condition (�).

If W bm � W cm , we consider two scenarios, based upon

the difference between the Hamming weights of the two bi-

nary sequences, wt(cm)− wt(bm).
(i) wt(cm)−wt(bm) � n: Applying the PO in [5] and the

PO of Theorem 2, we get W bm1n � W cm0n . According to

Theorem 3, this implies that the condition (�) is satisfied for

all ak ∈ {0, 1}k and any k � 0.

(ii) wt(cm) − wt(bm) < n: it is non-trivial since the ak

that satisfies the condition (�) is dependent on the underlying

channel W , the values of (m,n), and the sequences bm, cm.

A stronger result about the existence of ak is discussed in

Section IV-C when W is a BEC.

The following corollary is immediate.

Corollary 4. Let bm = 0m and cm = 1m, assume m < n.

If for some k∗ � 0, W 0mak∗
1n � W 1mak∗

0n holds for all

ak
∗ ∈ {0, 1}k∗

, then

W 0mak1n � W 1mak0n (28)

holds for all ak ∈ {0, 1}k and k � k∗.

C. The Condition (�)

Theorem 3 provides a generalized PO that does not re-

quire the bit-channels to have the same Hamming weight,

provided the ordering in the condition (�) holds. The next

proposition shows that, if the channel W is a BEC, then for

any m,n � 1, the condition (�) holds for some sequence ak,

for sufficiently large k.

Proposition 3. Let W = BEC(ε) for some ε ∈ (0, 1), and

m,n � 1. Let bm, cm be binary sequences of length m such

that W bm � W cm . Then, for sufficiently large k, there exists

a finite-length sequence ak ∈ {0, 1}k, such that

Z(W bmak1n) � Z(W cmak0n). (29)

Therefore, W bmak1n � W cmak0n .

Proof: Consider the two functions

f0(x) = 2x− x2,
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f1(x) = x2,

both of which are increasing on [0, 1]. Define

Fak = fak
◦ · · · ◦ fa2 ◦ fa1 .

Then we have

Z(W bmak1n) = f
(n)
1 [Fak(Fbm(ε))] = [Fak(Fbm(ε))]2

n

,
(30)

Z(W cmak0n) = f
(n)
0 [Fak(Fcm(ε))] = 1−[1−Fak(Fcm(ε))]2

n

.
(31)

We want to find ak such that

Z(W bmak1n) � Z(W cmak0n), (32)

that is

[Fak(Fbm(ε))]2
n

+ [1− Fak(Fcm(ε))]2
n � 1. (33)

Let (a�)��1 be a binary sequence. Then almost surely, the

function Fak exhibits a threshold behavior as k grows large.

To be more precise, according to [9, Lemma 11], there exists

ε∗ ∈ [0, 1] such that

lim
k→∞

Fak(ε) =

{
0, ε ∈ [0, ε∗)
1, ε ∈ (ε∗, 1]

. (34)

Here, ε∗ depends on the realization of ak, and has a uni-

form distribution on [0, 1]. We use this result to complete the

proof.

Since W bm � W cm , then we have 0 < Fcm(ε) <
Fbm(ε) < 1. We can therefore find a threshold point ε∗

such that Fcm(ε) < ε∗ < Fbm(ε). Therefore, there exists a

sequence (a�)��1 and a sufficiently large k such that

Fak(Fbm(ε)) � 1− δ(n),

Fak(Fcm(ε)) � δ(n),

where δ(n) � 1− 2−
1
2n . These inequalities imply that

[Fak(Fbm(ε))]2
n

+[1−Fak(Fcm(ε))]2
n � 2[1− δ(n)]2

n

= 1

and thus (32) holds. The degradation relation follows from

the fact that the bit-channels are BECs.

V. NUMERICAL EXAMPLES

In this section, we consider some applications of Theo-

rem 3 and Corollary 4 to BECs in the case where bm = 0m

and cm = 1m.

A. Application of Theorem 3

The Bhattacharyya parameters of several synthesized bit-

channels for BECs when N = 32 are shown in Fig. 2. In

contrast to Fig. 1, the intersecting curves are shown. Since

the curves can be described explicitly as polynomials in era-

sure probability ε, we can numerically determine the inter-

section points for any pair of intersecting curves. Table I

lists all values of ε ∈ (0, 1) for which a pair of bit-channels

(W
(i)
N ,W

(j)
N ), denoted by (i, j), have an intersection point.

For example, the curves corresponding to W
(7)
32 and W

(20)
32

intersect at two locations, ε = 0.3077 and ε = 0.5772.
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Fig. 2. BEC bit-channels with intersections when N = 32.

TABLE I
THE INTERSECTIONS OF ALL INTERSECTING PAIRS WHEN N = 32.

(3,16) (12,17) (7,20) (7,24) (11,24) (14,19) (15,28)
0.1997 0.7493 0.3077 0.1831 0.4228 0.2507 0.6358
0.3642 0.5772 0.8169 0.6923 0.8003

Since the curve for W
(7)
32 is above the curve for W

(20)
32

when 0.3077 < ε < 0.5772, this implies that W
(7)
32 � W

(20)
32

when W = BEC(ε) for ε in this range. Applying Theorem 3,

we obtain the following results.

Example 1. Suppose W = BEC(ε), where 0.3077 < ε <

0.5772. We have seen that W
(7)
32 � W

(20)
32 , i.e., W 00111 �

W 10100. Then, for N = 64, Theorem 3 implies that

W 001011 � W 101000, i.e., W
(11)
64 � W

(40)
64 ,

W 001111 � W 101100, i.e., W
(15)
64 � W

(44)
64 .

More generally, for N = 25+h, we have

W 001dh11 � W 101dh00

holds for all dh ∈ {0, 1}h and h � 1.

B. Example of Corollary 4

The minimum possible k∗ in Corollary 4 over different

(m,n) for BEC(ε) is denoted by k∗min(m,n, ε). In Table II,

we consider the case where ε = 0.5 and list values of k∗min

for various (m,n).

TABLE II
VALUES OF k∗min FOR VARIOUS (m,n) WHEN W = BEC(0.5).

������m
n

1 2 3 4 5 6 7 8

1 0 3 8 10 12 13 14 15
2 0 0 0 1 3 4 5 5
3 0 0 0 0 0 0 0 1

The following example illustrates how to interpret the re-

sults in Table II.
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F ′(ε) = 2m+n[(1− (1− ε)2
m

)2
n−1(1− ε)2

m−1 − (1− ε2
m

)2
n−1ε2

m−1] (49)

= 2m+n[(
1− (1− ε)2

m

1− ε2m
)2

n−1 − (
ε

1− ε
)2

m−1](1− ε)2
m−1(1− ε2

m

)2
n−1. (50)

Example 2. Consider two cases (m,n) = (1, 2) and

(m,n) = (2, 4). From Table II we find that the correspond-

ing k∗min values are 3 and 1, respectively. It follows that,

for W = BEC(0.5), we have W 0ak11 � W 1ak00 for all

ak ∈ {0, 1}k, k � 3. Similarly, W 00ak1111 � W 11ak0000 for

all ak ∈ {0, 1}k, k � 1.

C. Properties of k∗min(m,n, ε)

We now prove some additional properties of the parameter

k∗min(m,n, ε) defined in Section V-B.

1) Structural Property of Table II: The following proposi-

tion considers “L”-shaped regions in tables for k∗min(m,n, ε),
similar to Table II.

k1 k2

k3

Proposition 4. The values in any “L”-shaped region satisfy

k1 � k2 � k3.

Proof: Since W is a BEC, we have

W 0 � W � W 1. (35)

The proof includes two parts.

(i) To prove k1 � k2, we need to show

W 0mak1n+1 � W 1mak0n+1 ⇒W 0mak1n � W 1mak0n .

According to (35), we have

W 0mak1n � W 0mak1n+1 � W 1mak0n+1 � W 1mak0n . (36)

(ii) To prove k2 � k3, we need to show

W 0mak1n � W 1mak0n ⇒W 0m+1ak1n+1 � W 1m+1ak0n+1

.

Applying Theorem 3 to the assumption gives

W 0mak01n � W 1mak00n . (37)

Furthermore, by applying the PO of Theorem 2, we have

W 0m+1ak1n = W 0m0ak1n � W 0mak01n . (38)

Combining (37) and (38) gives

W 0m+1ak1n � W 1mak0n+1

. (39)

By applying Lemma 1 to (39), we get

W 0m+1ak1n+1

= W 0m+1ak1n1 � W 1mak0n+11. (40)

Again, by using the PO, W ak0n+11 � W 1ak0n+1

, so

W 1mak0n+11 � W 1m1ak0n+1

= W 1m+1ak0n+1

. (41)

Combining (40) and (41), we get

W 0m+1ak1n+1 � W 1m+1ak0n+1

. (42)

Remark 6. For a fixed ε, k∗min(m,n, ε) is increasing as m
decreases or as n increases.

2) Pairs (m,n) for which k∗min(m,n, 0.5) = 0: Notice

that k∗min(m,n, 0.5) = 0 means W 0m1n � W 1m0n , i.e.,

Z(W 0m1n) � Z(W 1m0n) (43)

when W = BEC(0.5). In general, when W = BEC(ε), the

Bhattacharyya parameters of these two bit-channels can be

expressed as

Z(W 0m1n) = f
(n)
1 (f

(m)
0 (ε)) = [1− (1− ε)2

m

]2
n

, (44)

Z(W 1m0n) = f
(n)
0 (f

(m)
1 (ε)) = 1− (1− ε2

m

)2
n

. (45)

Combining (43) translates to

F (ε) � (1− ε2
m

)2
n

+ [1− (1− ε)2
m

]2
n � 1. (46)

Specializing to ε = 0.5, the inequality yields an upper bound

on n, namely

n � − log2[2
m − log2(2

2m − 1)] � U(m). (47)

The following proposition, proved in Appendix A,

shows that n = 2m − 1 is the largest value for which

k∗min(m,n, 0.5) = 0.

Proposition 5. For any m � 1,

2m − 1 < U(m) < 2m. (48)

3) Range of ε where k∗min(m,n, ε) = 0: To explore the

range of ε where k∗min(m,n, ε) = 0 for a given pair (m,n),
we need to figure out when F (ε) � 1. Since F (ε) is a sym-

metric function for any pair (m,n), we only need to look at

the behavior of F (ε) on the interval (0, 0.5). The derivative of

F (ε) is given in (49) and (50). Define g(ε,m) = 1−(1−ε)2
m

1−ε2m
.

Here, we consider three different cases based on the value of

the pair (m,n).

(i) n � m: We make use of the following result.

Lemma 3. 1 > g(ε,m + 1) > g(ε,m) > 0, for any ε ∈
(0, 0.5) and any m � 1.
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Proof: When ε ∈ (0, 0.5), we have

g(ε,m+ 1) =
1− (1− ε)2

m+1

1− ε2m+1

= g(ε,m) · 1 + (1− ε)2
m

1 + ε2m

> g(ε,m). (51)

It is also clear that 0 < g(ε,m) < 1 for any ε ∈ (0, 0.5) and

any m � 1.

From Lemma 3, we have

[g(ε,m)]2
n−1 � [g(ε,m)]2

m−1 > [g(ε, 0)]2
m−1 (52)

for any ε ∈ (0, 0.5) and any m � 1. Referring to (50), we

see that for n � m, F ′(ε) > 0 for any ε ∈ (0, 0.5). That is,

F (ε) is increasing on (0, 0.5). Hence,

F (ε) � 1, for any ε ∈ [0, 1].

(ii) m < n � 2m − 1: We will use the following lemma.

Lemma 4. For any x ∈ (0, 1) and any n � 0, we have

1− nx � (1− x)n � 1− nx+
n(n− 1)

2
x2. (53)

The lower bound is Bernoulli’s inequality, and the upper

bound follows from the Taylor series of (1− x)n.

Using the expression for F (ε) in (46) and Lemma 4, we

get

F (ε) � 1− 2nε2
m

+
2n(2n − 1)

2
ε2

m+1

+ (2mε)2
n

(54)

� 1− 2nε2
m

+
2n(2n − 1)

2
ε2

m+1

+ 2m2nε2
m+1

(55)

= 1 + ε2
m

[(
2n(2n − 1)

2
+ 2m2n)ε2

m − 2n], (56)

where (55) follows from n � m+1. By setting ( 2
n(2n−1)

2 +
2m2n)ε2

m − 2n = 0, we can find a value of ε, denoted by

η(m,n), such that F (ε) � 1. Then, for any ε ∈ (0, η(m,n)),
we have F (ε) < 1. The upper bound 2m−1 on n guarantees

that F (0.5) > 1, so F (ε) = 1 has at least one solution in

[η(m,n), 0.5). Denoting the largest one by ε∗max(m,n), we

conclude that

F (ε) � 1, for any ε ∈ [ε∗max(m,n), 1− ε∗max(m,n)].

(iii) n � 2m: For any ε ∈ (0, 0.5), if F (ε) < 1 for n = 2m,

then F (ε) < 1 for n > 2m since F (ε) decreases as n in-

creases for a fixed m. For m = 1, 2, 3, and n = 2m, a com-

puter search confirms that the only real roots of F ′(ε) = 0
occur at ε = 0, 0.5, and 1. This implies that F (ε) < 1, for

any ε ∈ (0, 1), as can be seen in the corresponding curves

in Fig. 3. Consequently, for m = 1, 2, 3, and any ε ∈ (0, 1),
we have

W 0m12
m

� W 1m02
m

.

We conjecture that this is also true for m � 4.

We can analyze the asymptotic behavior of bit-channels

W 0m12
m

and W 1m02
m

based on the following lemma.
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Fig. 3. The function F (ε) when m = 1, 2, 3, 4, 5 and n = 2m.

Lemma 5.

lim
n→∞(1− εn)2

n

=

⎧⎪⎨
⎪⎩
1, ε ∈ [0, 0.5)

e−1, ε = 0.5

0, ε ∈ (0.5, 1]

. (57)

Proof: We use the following well-known inequality:

(1 + x)r � erx, for any x > −1 and r > 0. (58)

According to (58), we have

(1− εn)2
n � e−(2ε)n . (59)

When ε ∈ [0, 0.5), lower and upper bounds on the limit in

(57) follow from Lemma 4 and (59), respectively; namely,

we have

1− (2ε)n � (1− εn)2
n � e−(2ε)n . (60)

From (60), it follows that limn→∞(1− εn)2
n

= 1.

When ε = 0.5, we use the expression limx→0(1+x)
1
x = e

to obtain limn→∞(1− 1
2n )

2n = e−1.

When ε ∈ (0.5, 1], the upper bound in (59) implies

limn→∞(1− εn)2
n

= 0.

Combining (44), (45) and Lemma 5, we find the asymp-

totic values of the Bhattacharyya parameters for the two bit-

channels: (
Z(W 0m12

m

), Z(W 1m02
m

)
)

m→∞−−−−→

⎧⎪⎨
⎪⎩
(0, 0), ε ∈ [0, 0.5)

(e−1, 1− e−1), ε = 0.5

(1, 1), ε ∈ (0.5, 1]

. (61)

VI. DISCUSSION

The degradation relation in the condition (�) of Theo-

rem 3, which states that W bmak1n � W cmak0n , may be

difficult to verify for BMS channels W other than the BECs.

It would therefore be desirable to have a similar bit-channel

ordering result based upon a more easily verified condi-

tion. The following two propositions represent a step in that

direction.
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Proposition 6. For any BMS channel W and an ak ∈ {0, 1}k,

if Z(W bmak1n) � Z(W cmak0n), then

Z(W bmak11n) � Z(W cmak10n). (62)

Proposition 7. For any BMS channel W and an ak ∈ {0, 1}k,

if Pe(W
bmak1n) � Pe(W

cmak0n), then

Pe(W
bmak01n) � Pe(W

cmak00n). (63)

Remark 7. The proofs of Proposition 6 and Proposition 7

are derived from equations (7) and (8), respectively, using

the PO of Theorem 2.

The next two lemmas give some useful relationships be-

tween the Bhattacharyya parameter and the error probability

for channels ordered according to these parameters.

Lemma 6. For any two BMS channels W and V , if Z(W ) �
δ1 � δ2 � Z(V ), where δ1 and δ2 satisfy

1−
√

1− δ21 � δ2, (64)

then Pe(W ) � Pe(V ).

Lemma 7. For any two BMS channels W and V , if Pe(W ) �
λ1 � λ2 � Pe(V ), where λ1 and λ2 satisfy

2λ1 �
√
1− (1− 2λ2)2, (65)

then Z(W ) � Z(V ).

Remark 8. Both of the lemmas above are based on (3).

APPENDIX A

PROOF OF PROPOSITION 5

Proof: Referring to (47), we can rewrite U(m) as

U(m) = − log2[− log2(1−
1

22m
)]. (66)

Set r(m) = 1
22m

. Then, from the Taylor series of ln(1− x),
we have

− log2(1− r(m)) =
1

ln 2

∞∑
i=1

r(m)i

i
. (67)

The summation in (67) can be bounded from below and

above, respectively, by

∞∑
i=1

r(m)i

i
> r(m), (68)

and ∞∑
i=1

r(m)i

i
<

∞∑
i=1

r(m)i =
r(m)

1− r(m)
. (69)

Applying (67) and (68) in (66), we obtain the upper bound

U(m) < − log2

[
1

ln 2
· r(m)

]
= 2m + log2 ln 2

< 2m. (70)

On the other hand, applying (67) and (69) in (66), we obtain

the lower bound

U(m) > − log2

[
1

ln 2
· r(m)

1− r(m)

]
(71)

= log2

[
(22

m − 1) · ln 2
]

(72)

> log2(2
2m−1) (73)

= 2m − 1. (74)

The inequality in (73) is based on the following lemma.

Lemma 8. For any m � 1,

(22
m − 1) · ln 2 > 22

m−1. (75)

Inequality (75) is equivalent to

1− 1

2 ln 2
>

1

22m
. (76)

As the right-hand side of (76) decreases as m increases, it

suffices to check the case m = 1, which can be verified nu-

merically.

The proof is complete.
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