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Abstract—Paved by recent advances in sequencing and syn-
thesis technologies, DNA has evolved to a competitive medium
for long-term data storage. In this paper we conduct an infor-
mation theoretic study of the storage channel - the entity that
formulates the relation between stored and sequenced strands. In
particular, we derive an upper bound on the Shannon capacity
of the channel. In our channel model, we incorporate the main
attributes that characterize DNA-based data storage. That is,
information is synthesized on many short DNA strands, and each
strand is copied many times. Due to the storage and sequencing
methods, the receiver draws strands from the original sequences
in an uncontrollable manner, where it is possible that copies
of the same sequence are drawn multiple times. Additionally,
due to imperfections, the obtained strands can be perturbed
by errors. We show that for a large range of parameters, the
channel decomposes into sub-channels from each input sequence
to multiple output sequences, so-called clusters. The cluster sizes
hereby follow a Poisson distribution. Furthermore, the ordering
of sub-channels is unknown to the receiver. Qur results can be
used to guide future experiments for DNA-based data storage
by giving an upper bound on the achievable rate of any error-
correcting code. We further give a detailed discussion and
intuitive interpretation of the channel that provide insights about
the nature of the channel and can inspire new ideas for error-
correcting codes and decoding methods.

I. INTRODUCTION

The design of error-correcting codes for common channels
in communications, such as the additive white Gaussian noise
(AWGN) channel or binary symmetric channel (BSC) has
been guided by the channel capacity, that has been found
by Shannon [1] in 1948. It allows researchers to choose the
information rate of error-correcting codes according to this
fundamental limit. While the capacity for the above mentioned
channels has been known for a long time, this is different for
recently relevant channels, such as the DNA storage channel.

Recently, DNA-based data storage has emerged as promis-
ing technology for long-term archival data storage. Several
experiments [2]-[6] have demonstrated the viability of digital
information storage in these macromolecules and addressed
different aspects such as random access [3], [6], portability
[5] and scalability [6]. While within these experiments it
has been possible to successfully recover the stored data, the
question of fundamental limits on the storage and reading rate
remains open. More recently, several works have addressed
information and coding theoretic aspects of DNA-based data
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storage. Among these, the capacity of the storage channel
has been found for the case when there are no errors in the
strands [7] and for the case when each DNA strand is read
exactly once [8] under presence of substitution errors. Error-
correcting codes for systems where data is stored in unordered
sets, as in DNA-based storage systems, has been discussed in
[9]-[14]. An important aspect for decoding archives stored
in DNA is to cluster output sequence based on their mutual
Hamming, respectively edit distance [6], [15]. This technique
allows to perform an accurate estimation of the original input
sequence and is an important aspect for decoding DNA-based
archives. Here we extend the work from [7] and study the
channel capacity when sequences are drawn randomly under
the presence of substitution errors. The paper is organized as
follows. We first define the channel, then state and interpret our
result about its capacity and finish by proving the statements.

II. CHANNEL MODEL AND MAIN RESULT

Random variables are written in upper case letters, while
their realizations are depicted in lower case. We denote by
IP (o) the probability of an event and by IE [¢] and WV [e] the
expected value and variance of any random variable. Where it
is clear from the context, we abbreviate the event X = x by
x. By H(e) we refer to the entropy of a random variable and
by H(p) for 0 < p < 1 to the binary entropy function. For
a permutation 7 : [n] — [n] and a vector 2" = (z1,...,2y),
we write 72" = (Zr(1),---,Zx(n)) as the permutation of x™.

The DNA storage channel, which is depicted in Fig. 1, has
M input sequences X, ..., XE where each input sequence
XL e xl,ie [M]is a vector of length L over the alphabet 3.
From these input sequences, a total of N sequences are drawn
with replacement, each uniformly at random, and received with
errors, resulting in the output sequences V", j € [N] with

L __ L L
vl = xf o ]

where I; € [M] are iid. uniform random draws with
P (I; =i) = 57 forall j € [N] and i € [M] and Ef € ©*
denote independent error vectors with i.i.d. Bernoulli entries
E, 1 ~ Ber(p) with error probability p for all j € [N] and
k € [L]. Further @ denotes the binary XOR operation. In other
words, each received sequence YjL is obtained by drawing a
random input sequence X and distorting it through a binary
symmetric channel (BSC) with crossover probability p. The
input and output of the channel is hence

XML —rxL
YNL = (vE L

LXEY
LYEY



2019 IEEE Information Theory Workshop (ITW)

L Draw & yNL
Perturb
; | 1100110011 | Y/
X} | 1100110011
| 0010001010 | v
X%| 0010000010 ;
| 1101100011 | 3
X§| 0110010110 |
1000110011 | v

Fig. 1. Realization of the DNA storage channel with M = 3, N = 4 and
L = 10. The shades and arrows indicate the origins. Errors are in bold.

Here we choose to define the input and output sequences as
multi-sets for notional convenience. However, it can directly
be verified that by defining the input and output as matrices
of sizes M x L, respectively N x L, one obtains an equiva-
lent channel. Throughout the paper we will use the random
variables D; = [{j € [N] : I; = i}|, i € [M], which
count the number of times the ¢-th input sequence has been
drawn and Qg = |{i € [M]: D, = d}|, d =0,..., N, that
denote the number of input sequences that have been drawn a
total of d times. Note that insertion, deletion errors and non-
binary alphabets are not discussed here. The latter extension
for symmetric channels however is directly obtained using
similar methods as in this paper and is omitted for brevity.
An error-correcting code for this channel is a set C C LML
and we define its rate to be R = loj\i—‘fl. With these definitions,
the Shannon capacity can be defined as usual as the supremum
over all achievable rates. In [7] the capacity is found for p = 0,
and [8] considers the case where each sequence is drawn
exactly once. Our work is therefore a non-trivial extension of
[7]. For our derivations we use, among others, methods from
[7], [8] and [16]. The main result is stated in Theorem 1.

Theorem 1. Let N = cM, and M = 2°L for some fixed
constants 0 < ¢, 0 < p < % and 0 < B < %(41’). Then, the
Shannon capacity is bounded from above by

C <Y pe(d)Ca— B(1—e°), (1)
d=0
where p.(d) = % is the Poisson distribution and Cjy

denotes the capacity of the binomial channel with d draws
and error probability p (see Lemma 3).

For p = 0 this implies the bound (1—3)(1—e~¢) from [7].
To simplify the derivation and discussion we consider a genie-
aided receiver that receives along with each output sequence
Y} alabel TI(1;), where IT : [M] — [M] is a uniform random
and unknown permutation. These labels allow to group the
output sequences into clusters Z; = {YJL : II(I;) = i} of
sequences that originate from the same input sequence, but
do not give any information about the original sequence'.
Notably, the additional information from the genie is consid-
erably small, as especially for well-separated input sequences,
a receiver without knowledge of the labels can cluster the
output sequences [15]. The expressions in Theorem 1 allow
for a vivid interpretation, which we present in the following.

Poissonization and the binomial channel: We start with
discussing the first summand of (1) on an intuitive level. It

INote that for the derivation in [7] the same genie has been used which
allowed the receiver to identify duplicates.

is known [17] that when ¢ = % is fixed, the marginals

D; — Poi(c) approach Poisson random variables as M — co.
This effect is known as Poissonization. In Lemma 2, we will
show that, although the D, are statistically dependent, the
quantities CI%; jointly converge to % — pe(d) as M — oo and
thus can be viewed as asymptotically deterministic. Consider
now a receiver that, additionally to II(I;), knows II and thus
the origin TI71(i) of each cluster Z;. This allows to view the
overall channel as M parallel channels. Each such subchannel
has one input sequence X and D; output sequences, which
result from transmission of X/ over independent BSCs with
error probability p. For a fixed number of draws d, this channel
is known as the binomial channel [16] and has capacity Cy,
(see Lemma 3). Together with the fact that the variables
% — pc(d) become asymptotically deterministic, the capaci-
ties of the individual binomial channels add up and the overall
capacity of this channel becomes p.(0)Co + p.(1)Cy + ...
In particular, for large c, this capacity approaches 1, as each
input sequence can be accurately estimated using a bit-wise
majority decision over the sequences in each cluster.

Loss of ordering information: Without the additional
information about I, the receiver cannot directly allocate the
clusters with their input sequences anymore. As there are
M —Qo non-empty clusters, the receiver has to decide between
roughly MM~Qo possible allocations of clusters and input
sequences. Therefore, the actual overall capacity of the channel
is smaller by factor of o1+ log(M™M~Q0) — B(1 —e~°).

Parameter range: Theorem 1 only holds for the low-noise
scenario, as in this case, different clusters have a smaller
overlap, which simplifies the maximization of the mutual
information. For more details, see the end of Section III.

III. PROOF OF THEOREM 1

We now prove Theorem 1. Let C C £~ be a code with

_ logC] o :
rate R = 5. From Fano’s inequality, we have

MLR <1+ P.MLR+ I(XME y Ny,

where P, is the decoding error probability. Since Y N% can be
obtained from ZM = (Zy,...,Zyr) by ignoring the labels,
the mutual information I(X™Z:Y~NE) can be bounded from
above by the data processing inequality and we obtain

I(XMLyNLy < (XML, M),

The main difficulty in maximizing the mutual informa-
tion is the non-regularity of the channel, i.e., the entropy
H(ZM|XML) depends on the channel input X*Z. This is
because if X% contains input sequences that are close in
Hamming distance, this will result in a small channel entropy
as different channel realizations may result in the same output.
On the contrary, if X has large mutual Hamming distances,
the channel entropy is maximized, as each channel realization
results in a distinct channel outcome with high probability.
Similarly, the output entropy H(Z™) is maximized when
the distribution of X% favors a large Hamming distance
between its sequences. As it turns out, the mutual information
maximizing input distribution will be the one that maximizes
H(ZM). For some deterministic constant o > 0, denote by
T(a) € D= {i € [M]: D; > 0} the largest subset of
drawn input sequences such that d(X;, X;) > alL for all
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i,j € T(a), which provides a measure of the scattering of
the input sequences”. For brevity, we simply write 7 = T ()
in the following. By this definition 7 is a random variable
that solely depends on « and the distribution of X% and
DM = (Dy,...,Dyr). An upper bound on I(XME; ZM)
based on the expected value of |7 is given in Lemma 1.

Lemma 1. Let T £ E [|T|] be the expected size of T. Then

N
I(XME ZMY< ML pe(d)Ca—2Tlog T + TL(1—H (7))
d=1
+ M- ) logT-ML(1 —e )1 — H(y)) + o(ML).

for any vy, 0, a with % >, v=a+ 20, a> 26, and § > p.

Proof. We start by bounding the output entropy H(ZM)
from above. We can assume w.l.o.g. that the input dis-
tribution is constant over all permutations w : [M] — [M],
ie, P(X} =ak, Vie[M]) = P(X} =z} Vie[M]).
This is because P(ZM = M) only depends on the sums
Y P(XE= :cTLr(i) Vi € [M]) and not the individual input
probabilities P(X;" =z V i € [M]). Denote by Z; = {Y}" :
I; = i} the output clusters, ordered by their original se-
quence. Under the previous assumption, it can be verified that
P (ZM = zM) =P (ZM = ZM) for all 2 and thus

H(zZM) = H(ZM).
Since marginalization reduces entropy we obtain
H(ZM) < H(ZM|T,DM)+2M + N

=33 H(ZM|7,d")P (r,dM)+2M+N, @)
dM 7CD

where we additionally used that the number of possible values
for DM and 7T is given by (V") respectively 2* and thus
H(T,DM) < log (NJM ") + M < 2M + N. Denote now
by 7 = {i1,...,i;} € D with iy <--- <, the realization
of T. We decompose the entropy H(ZM|T = 7, DM = M)
into free output clusters Z) = (Z;,,...,Z; ), and output

clusters ZM, with 7¢ = D\ 7 and obtain

H(ZM|T =7,DM = a™) = H(ZM|T = 7,D™ =d")
+ H(ZM|T = 7,DM = a™, ZM). 3)

Conditioned on D™ = d™ | the marginal distributions of Z;
with ¢ € [M] follow the output distribution of the binomial
channel from Lemma 3 with d = d; draws. Note that the Z;
can be correlated through the distribution of XM, Denote
by Hy the maximum output entropy of this channel. As
the channel entropy of the binomial channel is given by
H(Bin(d, p)), it follows that H; = C4+ H(Bin(d, p)). Hence
the entropy of the clusters i € 7 is at most H(Z;|T =
7,DM = dM) < LHy,. For the remaining ¢ € 7, we know
that there always exists .J; € 7 such that d(X}, X} ) < oL,
since otherwise X has distance at least oL to all other input
sequences in 7 and thus ¢ would be contained in 7. Denote by

maj(Z;) = arg min Z d(zt,Yh)

LeyL '
zhed yLez,

2 A similar quantity has been used in [11] to bound the redundancy of codes
for a combinatorial channel and in [8], where 7~ was defined over the output.

the bit-wise majority function over the d; sequences in Z;,
which represents the estimated center of the cluster Z;. Denote
further for any sequence Y' € Z; by & the event that
d(X;,YE) < 4L, by F; the event that d(X;, maj(Z;)) < JL
with indicators 1g,, 17, and abbreviate M £ (T =7,DM =
d™, ZM). The entropy of Y'” is then bounded by

H(YL|M) < H(YL|M7 Ji, 1g,, ]l]:J,-) + H(Jiv e, ]I}-J,L>
< HYHM, J;, &, Fr) + LP (&, Fy,)| i) +log|7| + 2,

where (&;,F,)¢ is the complementary event of (&;, Fy,).
Since d(Y*,maj(Z;)) < d(YF X)) + d(X;,Xy,) +
d(X;,,maj(Z;,)) < (26 +a)L = L, the conditional entropy
of Y% is bounded by H(YL|M,J;, &, Fy) < LH(y).
Using [18, Lemma 4.7.2], we obtain P ((&;, Fy,)|J;) <
2= LDGIlIP)+1  where D(§||p) is the binary Kullback-Leibler
divergence. Using the second part of Lemma 3, we therefore
obtain for the entropy of all clusters ¢ € 7¢

H(ZM) < H(Z|M,Y") + H(Y*|M)
< L(Hg, — 1+ H(v)) +log|7| +logd; + o(L)

Next, we bound the entropy in (3) by the sum of all marginal
entropies of Z;, i € [M], combine all clusters with the same
number of draws d; = d and plug this result into the upper
bound for H(Z) in (2) such that

N
H(zM) < > P (aM) (LZ QaHy — (M — Qo — Tym)
aM d=1
(L —1og Ty — LH(%))) + o( ML)
N
= ML pe(d)Hy—(M—Me™“~T)(L—log T-LH(y))
=1 +o(ML),

where Tyn = E [|T| |[DM = dM]. Note that here both Qg
and Ty depend on dM. In (a) we used Y, log(d)Qq <
>-4dQ4 = N and Jensen inequality on the expected value
over 7. In (b) we split the expectation over d* into the events
Q and Q° (for the definition of Q see proof of Lemma 2)
and used the asymptotic Poissonization of (); from Lemma
2. We now bound the channel entropy H(ZM|XMZL) from
below. In particular we will show that for a well-separated
input, i.e., for a large |7| the channel entropy is also high.
This is in direct correspondence with the findings in [11],
where a similar property has been shown for a combinatorial
channel. Let U = {i € D : d(XF,Z;)) < 0L} where
d(X}F,Z;) £ maxyrcz d(XF,YT) . Furtherlet S =UNT
with realization S = ¢. Then for all i,j € o with i # j on
the one hand we have d(X}, XF) > aL, and on the other
hand d(X},Z;) < aL/2. Therefore, d(X},Z;) > aL/2. It
follows that P (ZM = 7z | XML S = 5) is non-zero for at
most one permutation 7 on the clusters in o. This allows to
employ Lemma 4, which gives a lower bound on the entropy
H(ZM|XML) of the permuted clusters based on E [|S]]. It
remains to compute I [|S]]. Since [/ U T| < M — Qq, we
have that |S| > |T|+ [U| — (M — Qo) and we obtain

E[Sl) = E[T] - (M - E[[U] + Qo))-

As there are in total )4 clusters with d drawn sequences,
|U| = Uy + -+ Uy is the sum of binomial variables Uy.
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Each Uy has Q4 trials and success probability py, where pg =
P (d(X;, Z;) < 6L), which only depends on d; = d. Using
[18 Lemma 4.7.2], it holds that pg > (1 — e~ LDGlIp)L ) >

— de~P0IIP) and hence the expected value of I/ is at least

N

E [[/[+Qo] Z

d=0

(1—de 200 Py’ DE M(l—ce_z(g_p)zL).

Therefore, the expected value of |S| is bounded from below
by E[|S|] > E[|T]] — cMe~LClP) Using this bound on the
expected value for Lemma 4 yields

H(ZM| XM > g(ZM | XME) 4 Tlog T + O(M).

Here we used that |S| < |T| < M to obtain the asymptotic
estimation for the logarithmic expression. Finally, we have

H(ZJW‘XJWL)ZZP (DM:dM)H(ZM|XML,DM:dM)

aM

—MLZpC

where we used the conditional independence of Z; given
and DM and Lemma 2 for the Poissonization of the Q4. [

H(Bin(d,p)) + o(ML),

XML

In order to find the maximizing 7" note that 0 <7 < M —
E[Qo] < M(1 —e~°) + 1. Denoting by ¢(T) all terms of
the upper bound, which contain 7', we find that its derivative
satisfies g’ (T') > —2log(T'/e)+L(1—H (~)). It can be verified
that given 28 < 1 — H() and for large enough M, we have
g (T)>0forall 0 <T < M(1—e¢) +1 and thus g(7T) is
monotonically increasing in 7. It follows that 7% = M (1 —

~¢)+1 maximizes ¢g(T') under these conditions. Plugging T*
into the upper bound from Lemma 1 and using P, — 0 when
M — oo yields Theorem 1.

IV. AUXILIARY LEMMAS

Lemma 2. For any fixed ¢ > 0, there exist non-negative
Sfunctions fq(M), d = 0,...,N with fs(M) > 0 and

Jo(M)+f1(M)+---+fn(M) = o(M) such that for M — oo
P (1Q4 — Mpe(d)| < fa(M) ¥ d=0,...,N) > 1.
Proof. Let @ = {(Qo,...,QnN) |Qa — Mpc(d)| <
fa(M) ¥ d = 0,...,N} be the sought-after event. Using

Qa—Mp(d)] < |Qa—E [Qa] |+]E [Qa] — Mpc(d)]| together
with the union bound and Chebyschev’s inequality, we obtain

V[Qd] .
— Mpe(d)| + fa(M))?

It is known [17, ch. 2] that the first and second moment of
@4 can be computed explicitly to be

N

P(Q)>1-
@ ;(—UE[Q(:]

mid=u(}) ()
B 103] = BlQ + MOV ) (12

where NP?4 = N(N —1)---(N — 2d + 1) is the falling
factorial. Usmg the inequalities 1 — x < e™* for any x € R
and ( ) < d, for any N,d € Ny with N > d we directly

find that E [Q4] < Mp.(d)e~%M. This allows to bound the
variance of (), from above by

9 d
V[Qul < Mpe(d)e M +01p3 )/ M (1 - (1 - M) )

(b)

(a) 2
< Mpc(d)ec+M2p3(c)e4CMd < 2Mpe(d)e* (1 4 ¢),

where in (a) we used that for any 0 < < 1 and d € Ny it
holds that (1 —x)? > 1—dz. In inequality (b) it has been used
that dp,. d) < c. Let us now define fy = |E [Qq] — Mp.(d)|+
(d+1)Mz="¢/p.(d) as the bounding function. It follows that
the probability of Q is at least

exm 264(1 4 ¢)

@+1?

d=0
and consequently P (Q) — 1, when M — oo, for any € > 0.
It remains to prove the asymptotic behavior of f(M). We start

with the first summand of f;(M) and obtain on the one hand
E Q4] = Mpe(d) < Mpe(d)(e¥r —1) £ ¢ (M).

On the other hand, we bound the difference from above by

< (pc(d) - (Cfu/M)deHC/M>

Mp(d) —E[Q4] < M

< My (% + ) & o),

where for inequality (a) we used that (]c\i] ) > (N;!d)d for any
N,d € Ng with N > d and In(1 —z) > — 3% for any = < 1.
The sum over the bounds ¢ (M) is at most
(a) cle=cdk (b) =1 &
R 3 S
0k=1 =1

Y R

=

=
K
|-

t=1
- M (ec(eléf—l) _ 1) - 0(2\4)7

where we used the series expansion of the exponential in (a).
The expected value after inequality (b) is taken with respect to
the Poisson distributed variable D with mean c. In equality (c),
we used that the moment generating function of the Poisson
distribution is equal to M (¢) = ¢<(¢'~1_ Similarly, the sum
over the bounds ¢ (M) satisfies

Z%

where we used that the second moment of a Poisson dis-
tribution is B [D?] = ¢ + c. Now, we can use that both
¢ (M) > 0and ¢ (M) > 0, and thus |E [Qq] — Mpc(d)| <
max{¢;<M> ¢q (M)} < 67 (M) + ¢7 (M) to obtain

N
Z\EQd Mpe(d SZ;

d=

(M

The second summand of fy ) can be bounded by

N 1 (a) 1 N c%e_%
(d+1)M>"\/po(d) < M2+ (d+1)—;

d=0 d=0 3!

) < E[D2]+c—26+1

)+ o (M) = o(M).
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(d + 1) (pc(d) + \/Epc(d))

(g M=*ees (14 ¢)(1 + v/c) = o(M)

for ¢ < 1. Here we used in (a) that V!l > |4]! for any
d € Ny and for inequality (b) we split the sum into terms with
even and odd d. Inequality (¢) follows by identifying the sums
over p.(d) and dp.(d) as the cumulative distribution function,
respectively mean of a Poisson distribution. Hence, using the
proposed fq(M) with any 0 < € < 3 yields the lemma. [

Lemma 3 (c.f. [16]). Let X* = (X1,...,X1) € XX with
i.i.d. entries X; ~ Ber(px). Further, let d € Ny and denote by
Vi =XtaFEL i€ (d with BEF = (E;q1,...,E; 1) and i.id.
E; ~ Ber(p) outcomes from d-fold repeated transmission
of X' over independent binary symmetric channels with
crossover probability p and Z = {YiE, ..., Y.F}. The capacity
Cy= n;ax I(X%; Z) of the channel is given by
X

Bd,p(k)
(k) 4+ Bap(d—k)’

d
Ca=1+_ Bay(k)log
k=0 Bayp

where By (k) = (Z)p"“‘(lfp)d*’C is the binomial distribution.
Further, H(Z|Y;}) < L(Cy — 1 + H(Bin(d,p))) + logd for
any i € [d], where Bin(d,p) is a binomial random variable
with d trials and success probability p.

Proof. The proof of the capacity result follows standard meth-
ods and is omitted for brevity. We prove only the second part
of the lemma. The entropy H(Z|Y;F) satisfies

HZ\VH =H({Xx"eEF,... X" ElY X @ EF)

@ H({EL® EE ... E} e EL}| X" @ EY),

where (a) is due to [19, Problem 2.14]. Denote by E%* =
{Ef @ EL,... EY @ EL}. We will show that E4L is inde-
pendent of X* & EF for px = 1. Consider the distribution
P (B4 =i, X @ EF=at)
P (X' @ EF=a")
W oL Z P (EdL =t Xl =el @al EBf = eiL)
elext
QST (B et BE =),

7
elext

P (E%=e"|X" "®E} =d")=

where in (a), we used that P (X* ® Ef = o) = 27 for all
a* € ¥ In equality (b) we used the independence of X and
E* for all j € [d] together with P (X% = 2) = 27L for any
2 € XF under the condition px = . Hence, E4" is indepen-
dent of X“® EL for px = £ and consequently the conditional
entropy H(Z|Y;*) is maximized for px = 1. Since H(Z) is
also maximized by px = % and H(Y;*) = L in this case, we
have H(Z|Y;) < H(Z)—H (Y;*)+logd < LCy+H(Z|X1)—
L +logd= L(Cq+ H(Bin(d,k)) — 1) +logd. O
Lemma 4. Let FM = (Fi,...,Fy) be M random variables
over the same space and denote for any o C [M] by P(o) =
{m: [M] — [M] : n(i) =iV ie |[M\o} the set of
all permutations that only permute positions in o. Further let

S C [M] be a random variable such that for any o C [M] and
M the conditional probability P (FM =rfM|S = U) >0
Sor at most one permutation © € P(c). Then, the entropy of
FM after a uniform random permutation 11 : [M] v [M] is
bounded from below by

H(IIFM) > H(FM|S) + E [log(IS]!)].

The proof of this Lemma is omitted for brevity here and
will be provided in the full version of this paper.

V. CONCLUSION AND OUTLOOK

In this paper we have derived an upper bound on the
channel capacity of DNA-based storage systems. Due to the
fact that for moderate error probabilities and appropriate input
distributions an accurate clustering operation is indeed possible
for the receiver, we believe that the upper bound on the
channel capacity is tight. However, this problem remains open.
It would also be interesting to examine, as in [8], the capacity
for very large noise, as well as the case when the logarithm of
the number of sequences, log M, is very large compared to L.
Another important aspect for future research is to discuss the
presence of insertions and deletions, as these types of errors
are common in DNA synthesis and sequencing.
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