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Abstract—A constrained code is a set of finite-length code-
words that entirely avoid the occurrences of certain patterns.
In some applications, it may be preferable to merely limit the
number of occurrences of certain patterns in codewords rather
than to completely forbid them. Constrained codes that involve
such weaker constraints are called weakly constrained codes.

In this paper we construct capacity-achieving weakly con-
strained codes. The construction is based on a row-by-row coding
scheme in which messages are encoded into the rows of a 2-
dimensional array in which the frequency of occurrence of
patterns along columns is controlled.

I. INTRODUCTION

In many applications in coding and information theory

there is a need to completely avoid or limit the number of

occurrences of certain patterns as substrings of codewords.

One example of such an application is a multi-level cell flash

memory. In this example, programming the memory cells

into certain levels wear out the cells. Hence, it is preferable

to use the levels that are more likely to damage the cells

less often [9], [12]. More examples arise in every application

that involves a transmission over a channel in which some

patterns may cause errors when they appear as substrings of

codewords (e.g., [2]).

Constrained sequences are sequences that completely

avoid certain unwanted patterns as their substrings. A con-
strained code is simply a set of constrained sequences.

These codes have been studied extensively (a survey can

be found in [14]). However, in some cases the rate penalty

that is incurred by imposing such strong constraints is too

severe, and there is a need to weaken the constraints so as

to allow some of the bad patterns to appear, yet not very

often. Constrained codes that admit such weak constraints

are called weakly constrained codes.

The study of weakly constrained codes is much less

extensive, however. Moreover, in the previous literature one

finds somewhat different definitions of weak constraints that

arise from the specific restrictions imposed on the statistics

of some of the allowed patterns in codewords. For example,

in [4] the authors impose only upper bounds on these

statistics, and to avoid having zero-capacity codes, they

further weaken the upper bounds by adding a tolerance factor
that approaches zero as the code-length grows to infinity. On

the other hand, in [13], [15] the authors impose both lower

and upper bounds on the statistics of some patterns and use

a constant tolerance factor. In this paper we propose a third

definition in which both lower and upper bounds are imposed

but the tolerance factor is a vanishing function of the code-

length.

In all of these cases, there exist analytic expressions for the

capacity of the corresponding constraints. More specifically,

for classical constraints as well as weak constraints, code

sequences can be obtained by reading the labels of paths

in some labeled directed graph, and the structure of the

graph and the labeling function guarantee that every path

produces a legal constrained sequence. The capacity of the

weakly constrained sequences can then be expressed in

terms of the entropy of a suitably defined Markov chain on

the graph. An expression for a capacity-achieving Markov

chain was given in [10] for weak (d, k)-RLL (runlength-

limited) constraints. In [11], the corresponding expression

was obtained for the case when there is only one linear

constraint on the statistics of patterns, although the results

can be extended to other classes of weak constraints. In

general, having a capacity-achieving Markov chain is useful

for code constructions, as demonstrated in [4] as well as in

this paper. For completeness, we will present the expressions

for the capacity and for a capacity-achieving Markov chain

in Section II.

The main contribution of this paper is an explicit construc-

tion of capacity-achieving weakly constrained codes. The

construction is based on the row-by-row coding scheme that

was first presented in [6] and [16], and that was later adapted

in [2] to design codes to mitigate inter-cell interference

effects in flash memory. In the row-by-row coding scheme,

messages are encoded and then written sequentially into the

rows of a 2-dimensional (2D) array, such that the columns

of the array are constrained sequences. This coding scheme

admits an implementation that also allows one to control

the total number of occurrences of some patterns along

columns. In our construction, we show how to concatenate

the columns of such an array into a longer codeword that

can satisfy classical constraints that completely avoid certain

forbidden patterns, as well as weak constraints that dictate

the occurrence probabilities of specific allowed patterns.

The rest of the paper is organized as follows. In Sec-

tion II we present notations and definitions for constrained

systems, Markov chains, and weakly constrained systems. In

Section III we review the row-by-row coding scheme. This

coding scheme is then used to construct weakly constrained

codes in Section IV.

II. PRELIMINARIES

In this section we present the basic notations and defini-

tions for constrained systems, Markov chains, and weakly

constrained systems.
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For a positive integer n, denote by [n] the set of n integers

{1, 2, . . . , n}. We use the notations R≥ 0 and R+ to denote

the set of non-negative real numbers and the set of positive

real numbers, respectively.

A. Labeled Graphs

Let Σ be an alphabet of size μ and denote by Σ∗ the set

of all sequences of finite length over Σ. For a word w =

w1 w2 . . . w� ∈ Σ∗ we denote by |w|def= � the length of w.

A labeled directed graph G(V,E, L) over Σ is a directed

graph with a set of states V , an edge set E ⊆ V × V , and

an edge labeling function L : E → Σ.

Let G = G(V,E, L) be a labeled directed graph. For e ∈
E we denote by σ(e) and τ(e) the initial state and terminal
state of e, respectively, i.e., e = σ(e) τ(e). A path γ in G of

length |γ|def= � is a sequence of � edges e1e2 . . . e� ∈ E, such

that for all i ∈ [�− 1], σ(ei+1) = τ(ei). Let Γ be the set of

all paths in G of finite length. The edge labeling function L
can be extended to L : Γ → Σ∗, where for all γ ∈ Γ, L(γ)
is the word obtained by reading the labels of the edges in γ.

We call L(γ) the labeling of the path γ.

The graph G is called irreducible if for every two distinct

states u, v ∈ V there exists a path γ ∈ Γ connecting u to v.

The graph G is primitive if there exists some integer NG > 0
such that for every two states u, v ∈ V there exists a path

of length NG that connects u to v. The graph G is called

lossless if every two distinct paths in Γ with the same initial

state and terminal state have different labelings.

Example 1. Let G = G(V,E, L) be the graph shown below.

0 1

1

0

0

Then, G is lossless and primitive with NG = 2.

B. Markov Chains

A Markov chain P on the labeled graph G = G(V,E, L)
is a probability mass function over the edge set of G. That

is, P : E → R≥ 0 such that
∑

e∈E P(e) = 1. For all u ∈ V ,

the state probability mass function for the Markov chain P ,

π : V → R≥ 0, is defined by

π(u)
def
=

∑
e∈E:

σ(e)=u

P(e).

A Markov chain P is called stationary if for all u ∈ V

π(u) =
∑
e∈E:

τ(e)=u

P(e).

Let Δ be the set of all stationary Markov chains on G. For

γ = e1e2 . . . e� ∈ Γ, define the empirical Markov chain of

the path γ to be the Markov chain on G, Pγ : E → R≥ 0,

such that for all e ∈ E,

Pγ(e)
def
=

1

�
|{i ∈ [�] : ei = e}|.

The entropy of a Markov chain P is defined by

H(P)
def
=

∑
e∈E

P log2
P(e)

π(σ(e))
.

For a positive integer n, we say that P is n-integral if for

every e ∈ E, P(e)n is an integer.

C. Constrained Systems

A constrained system S(G) over the labeled graph G =
G(V,E,L) is the set of all words in Σ∗ that are obtained by

reading the labels of paths in Γ, i.e.,

S(G)
def
= {w ∈ Σ∗ : ∃γ ∈ Γ, w = L(γ)}.

We say that S(G) is represented by G. Every constrained

system can be represented by a lossless graph and therefore

we will assume throughout this paper that G is lossless. A

constrained code is simply a subset of S(G). For every B ⊂
Σ∗, the base-2 capacity of B is defined by

cap(B)
def
= lim sup

�→∞

log |B ∩ Σ�|
�

.

There exists a lossless and primitive labeled graph F such

that S(F ) ⊆ S(G) and cap(S(F )) = cap(S(G)). Since

we are interested in this paper only in capacity achieving-

constrained codes, we can assume w.l.o.g. that G is also

primitive.

Let A = (Au,v) be the adjacency matrix of G, i.e., A is a

|V | × |V | matrix and Au,v is the number of edges that start

at u and terminates at v. Let λ1, λ2, . . . , λ|V | ∈ C be all the

|V | eigenvalues of A (perhaps with repetitions). The spectral
radius of A is defined by λ

def
= max{|λi| : i ∈ [|V |]}. By the

Perron-Frobenius Theorem [5, Ch. 8], the spectral radius λ is

an eigenvalue of A and it admits a positive right eigenvector

as well as a positive left eigenvector (by a positive vector

we mean a vector whose entries take positive real values).

Let y = (y1, y2, . . . , y|V |) and x = (x1, x2, . . . , x|V |)T be

positive left and right eigenvectors of A, respectively, for the

eigenvalue λ, normalized such that yx = 1.

It is well known (see, for example, [14]) that the capacity

of S(G) is equal to log2 λ. Moreover,

cap(S(G)) = max
P∈Δ

H(P),

and a capacity-achieving stationary Markov chain is given

by

P̂(e)
def
=

Aσ(e),τ(e)yσ(e)xτ(e)

λ
.

Example 2. The set S ⊂ Σ∗ of all words that do not
contain two consecutive 1’s is a constrained system and it
is represented by the primitive and lossless graph G from
Example 1. We call S the “no 1 1” constrained system. The
adjacency matrix of G is the matrix

A =

(
1 1
1 0

)

with spectral radius λ = 1+
√
5

2 . Hence, cap(S) = log2 λ ≈
0.694.

D. Weakly-constrained Systems

For a function ϕ : E → R
t and for a Markov chain P

on G, denote the expected value of ϕ with respect to P by

EP [ϕ], i.e.,

EP [ϕ]
def
=

∑
e∈E

P(e)ϕ(e).
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For ϕ : E → R
t, r ∈ R

t, and ε : N → R≥ 0, a (ϕ, r, ε)-
weakly constrained system is the set

Sϕ,r,ε(G)
def
=

⎧⎨
⎩w ∈ S(G) :

∃γ ∈ Γ, L(γ) = w,
and ∀s ∈ [t],

|(EPγ
[ϕ])s − rs| ≤ ε(|γ|)

⎫⎬
⎭ .

That is, Sϕ,r,ε(G) consists of the words in S(G) that can be

formed by paths in G with empirical Markov chains under

which the expected value of ϕ is “close” to r. The notion

of closeness is formalized using the tolerance function ε
that limits the difference between the expected value of ϕ
and r. Therefore, we are interested in functions ε, such that

ε(n) = o(1). A subset of Sϕ,r,ε(G) is called a (ϕ, r, ε)-
weakly constrained code.

For z ∈ R
t
+, let A(z) be the |V | × |V | matrix defined by

A(z)u,v
def
=

∑
e:

σ(e)=u,τ(e)=v

t∏
s=1

zϕ(e)s
s .

As for the adjacency matrix A, the Perron-Frobenius The-

orem states that the spectral radius of A(z), λ(z), is an

eigenvalue of A(z) with positive left and right eigenvectors

y(z) and x(z), normalized such that y(z)x(z) = 1.

The following theorem is an immediate consequence of

Lemmas 2 and 5 from [13].

Theorem 1. If ε(n) = o(1), then

cap(Sϕ,r,ε(G)) ≤ sup
P∈Δϕ,r

H(P)

= inf
z∈R

t
+

{−
t∑

s=1

rs log zs + log λ(z)},
(1)

where Δϕ,r is the set of all stationary Markov chains on G,
P , for which EP [ϕ] = r.

As for constrained systems, one can define a Markov chain

P̂ ∈ Δϕ,r for which

sup
P∈Δϕ,r

H(P) = H(P̂).

This Markov chain is defined by

P̂e
def
=

t∏
s=1

z
ϕ(e)s
s y(z)σ(e)x(z)τ(e)

λ(z)
, (2)

where z ∈ R
t
+ is a solution to

E
̂P(ϕ) = r. (3)

Example 3. Let S = S(G) be the “no 11” constrained
system, where G is the graph from Example 1 and let Ŝ be
the set of words w ∈ S such that w has exactly 0.25|w|
ones. Then

Ŝ = Sϕ,0.25(G),

where ϕ : E → R is defined by ϕ(0 1) = 1 and ϕ(0 0) =
ϕ(1 0) = 0, r = r = 0.25, and ε is just the zero function
and thus omitted from the notation.

The matrix A(z) is given by

A(z)
def
=

(
1 z
1 0

)
,

the spectral radius is

λ(z) =
1 +

√
1 + 4z

2
,

and

y(z) = (1, λ(z)− 1) and x(z) =
1

2λ(z)− 1

(
λ(z)
1

)
are positive left and right eigenvectors of A(z) corresponding
to λ(z) and normalized such that y(z)x(z) = 1. A capacity-
achieving Markov chain is defined by

P̂(e) =
zϕ(e)y(z)σ(e)x(z)τ(e)

λ(z)
,

where z = 0.75 is a positive solution to E
̂P [ϕ] = P̂(0 1) =

0.25. Hence λ(z) = 1.5, P̂(0 1) = P̂(1 0) = 0.25, P̂(0 0) =
0.5, and cap(Ŝ) ≤ log 1.5− 0.25 log 0.75 ≈ 0.688.

Remark 1. Clearly, if ε(n) = o(1) and the rate of conver-
gence of ε(n) to zero is high enough then cap(Sϕ,r,ε) might
be zero. In particular, if ε(n) = o(1/n) then for large enough
n most choices of ϕ and r will result in zero capacity. Using
a slightly different definition of weakly constrained codes the
authors of [4] showed that when ε(n) = Ω(1/n) the bound
on capacity in (1) is tight. The result should hold for our
definition of weakly constrained codes as well. The main
result of our paper is a construction of a (ϕ, r, ε)-weakly
constrained code of length n, where ε(n) = O(1/n1−β)
(β can be arbitrarily close to 0) for which the capacity
satisfies (1) with equality.

III. ROW-BY-ROW CONSTRAINED CODING

In this section we review the row-by-row constrained

coding technique presented in [6], [16] that will be useful

for our code construction presented in Section IV.

For μ ≥ 2 and k ≥ 1, the k-dimensional De Bruijn graph

of μ symbols, Dk,μ, is the labeled directed graph over an

alphabet Σ of size μ, whose vertex set Vk,μ is the set Σk and

whose edge set, Ek,μ, is the set {uv ∈ Vk,μ×Vk,μ : ui+1 =
vi, for all i ∈ [k−1]}. We represent an edge e = uv ∈ Ek,μ

by the vector e = e1 e2 . . . ek+1 ∈ Σk+1, where ei = ui,

for all i ∈ [k], and ek+1 = vk. The edge labeling function

Lk,μ : Ek,μ → Σ of Dk,μ is defined by Lk,μ(e)
def
= ek+1.

Throughout this section we assume that G = G(V,E, L)
is an irreducible subgraph of Dk,μ, for some k and μ. Notice

that this assumption holds without the loss of generality

since G is a subgraph of D1,|V |. Let n be a positive integer

and let P : E → R≥ 0 be an n-integral stationary Markov

chain on G with state probability mass function π. Let

v1,v2, . . . ,v|V | be the lexicographic order of the states.

Since P is n-integral, it follows that for all � ∈ [|V |],
n�

def
=π(v�)n is an integer. Let Uπ be the k × n matrix over

Σ such that for all � ∈ [|V |], all the columns of Uπ with

column index
∑�−1

s=0 ns + 1 ≤ j ≤ ∑�
s=1 ns, where n0

def
=0,

are equal to the vector v�.

A row-by-row weakly constrained coding scheme over

G, with a Markov chain P , encodes a sequence of m
messages M1,M2, . . . ,Mm ∈ [M ] into the rows of some

(m + k) × n array W = (Wi,j), with row index −k +
1 ≤ i ≤ m, column index j ∈ [n], and with rows
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W−k+1, . . . ,W−1,W0,W1,W2, . . . ,Wm, such that the fol-

lowing conditions are satisfied.

1) For every i ∈ [m] the message Mi is encoded to a

(unique) length-n vector over Σ which is stored in Wi.

2) For every i1, i2 ∈ [m], if i1 < i2 then Wi1 is

programmed before Wi2 .

3) For every e ∈ E and for every i ∈ [m], e appears as

a column of the rows Wi−k,Wi−k+1, . . . ,Wi exactly

P(e)n times.

To implement a row-by-row weakly constrained cod-

ing scheme one can set the first k rows of W ,

W−k+1,W−k+2, . . . ,W0 to be the rows of Uπ and encode

the input messages using a constant-weight code of the form

Crbrdef=C1 × C2 × · · · × C|V |,

where

C�
def
=

{
w ∈ Σn� :

for all α ∈ Σ, α appears

in w P(v� α)n times

}
.

If Mi is encoded to c1 c2 . . . c|V |, where c� ∈ C�, for all

� ∈ [|V |], then the codeword c� is stored in the row Wi in the

n� positions j for which Wi−k,jWi−k+1,j , . . . ,Wi−1,j = v�.

Remark 2. From the stationarity of P , the definition of
the codes C�, and the way the codewords are stored it
is guaranteed that the number of positions j for which
Wi−k,jWi−k+1,j , . . . ,Wi−1,j = v� is indeed n�(= π(v�)n).
For more details on the implementation of a row-by-row
coding scheme, see [16].

It can be readily verified that this implementation indeed

satisfies the properties of a row-by-row weakly constrained

coding scheme. By definition, the asymptotic coding rate of

any row-by-row weakly constrained coding scheme over G,

with the Markov chain P , cannot exceed H(P). Since

lim
n→∞

1

n
log2 |C| = H(P),

it follows that the above row-by-row weakly constrained

coding scheme is also capacity-achieving.

Example 4. Let G be the graph from Example 1 that
represents the “no 11” constrained system. Then G is a
primitive subgraph of D1,2. Let P be the Markov chain
on G from Example 3, i.e., P(0 1) = P(1 0) = 0.25 and
P(0 0) = 0.5, and let n = 8. The state probability mass
function, π, associated with P is given by π(0) = 0.75,
π(1) = 0.25, and therefore n1 = 6 and n2 = 2. The
matrix Uπ is a 1 × 8 matrix and its single row is equal
to 0 0 0 0 0 0 1 1. The code Crbr that is used to encode the m
messages is defined by Crbr = C1 × C2, where

C1 =

{
x ∈ {0, 1}6 :

1 appears in x
2 times

}
and C2 = {0 0}.

The 2D array W that is obtained by programming the
codewords c, ĉ ∈ Crbr, where c = 10 0 0 0 1 0 0 and
ĉ = 00 0 0 1 1 0 0 is the following.

0 0 0 0 0 0 1 1
1 0 0 0 0 1 0 0
0 0 0 0 0 0 1 1

The first row of W is just the single row of Uπ . The first 6
entries of c are stored in W1 below the zeros of W0 and the

last 2 (zero) entries of c are stored in W1 below the ones of
W0. Similarly, the first 6 entries of ĉ are stored in W2 below
the zeros of W1 and the last 2 (zero) entries of ĉ are stored in
W2 below the ones of W1. Notice that every column satisfies
the “no 11” constraint and that for every e ∈ E ⊂ {0, 1}2,
e appears as a column of any two consecutive rows exactly
P(e)n times.

IV. CAPACITY-ACHIEVING CODES

The goal of this section is to present an explicit con-

struction of capacity achieving weakly constrained codes. To

this end we assume that G is some primitive subgraph of

Dk,μ and that P : E → R≥ 0 is an n-integral stationary

Markov chain over G, for some positive integer n, and

use the row-by-row weakly constrained coding to produce

length-N ≈ n2 codewords in S(G), in which every pattern

e ∈ E appears exactly P(e)(N − k) times. We show

that as n approaches infinity, the coding rate approaches

H(P). We then show how to apply this method to obtain a

capacity-achieving (ϕ, r, ε)-weakly constrained code, where

ε(N) = O(1/N1−β), where β can be arbitrarily small.

Let W = (Wi,j), −k + 1 ≤ i ≤ m and j ∈ [n],
be the (m + k) × n 2D array that is obtained by en-

coding some m messages from [|Crbr|] using the row-by-

row weakly constrained coding scheme over G, with the

Markov chain P . Recall that we denote the rows of W
by W−k+1,W−k+2, . . . ,W0,W1, . . . ,Wm. We denote the

columns of W by B1, B2, . . . , Bn. Since all the columns of

W belongs to S(G) and since every e ∈ E appears vertically

in W exactly P(e)mn times, it is tempting to connect the

columns into one long codeword. This is the key idea behind

our code construction, but it requires some additional steps in

order to guarantee that the codeword belongs to S(G) and

that its empirical distribution over E matches the Markov

chain P .

For two vectors w1,w2 ∈ Σ∗ of lengths m1,m2 ≥ k, we

say that w1 is extendable by w2 if the last k entries of w1

are equal to the first k entries of w2. In this case, the result

of extending w1 with w2 is the length m1 +m2 − k vector

over Σ,
w1‖w2

def
=w1 w2,k+1 w2,k+2 . . . wm2

.

The following lemma can be readily verified.

Lemma 1. If w1,w2 ∈ S(G) and w1 is extendable by w2

then w1‖w2 ∈ S(G). Moreover, if for some e ∈ E, the
number of times the pattern e appears in w1 and w2 is t1
and t2, respectively, then the number of times e appears in
w1‖w2 is t1 + t2.

From Lemma 1 it follows that if there exists some permu-

tation ρ : [n] → [n] such that for all j ∈ [n − 1], Bρ(j) is

extendable by Bρ(j+1), then

c = Bρ(1)‖Bρ(2)‖ · · · ‖Bρ(n)

is a codeword of length N = mn+k in S(G) such that for all

e ∈ E, e appears in c exactly P(e)mn = P(e)(N−k) times.

In that case, W is called good. Hence, the first step towards

our code construction is to show that by appending some

extra rows to W using the row-by-row coding technique, we

can obtain a good (m′ + k)× n 2D array W ′.
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Lemma 2. Suppose that for all � ∈ [|V |] and for all e ∈ E
with σ(e) = v� we have P(e)n ≥ |V |. Then, using the row-
by-row weakly constrained coding scheme, one can append
some NG rows to W to obtain a good (m + NG + k) × n
2D array W ′.

Due to space limitations, we omit the proof. The key idea

is that finding the permutation ρ is equivalent to finding an

Eulerian path in a graph with |V | vertices and n edges, where

the edges are determined by the first and last k entries of

each column in the array W ′. This graph already has the

property that the in-degree of each vertex matches its out-

degree. Therefore, one only needs to ensure the graph is

irreducible,which is easily achieved for n large enough.

Although Lemmas 1 and 2 imply that we can encode a

sequence of m messages in Z|Crbr| to a codeword c ∈ S(G)
of length N = m′n + k for which every pattern e ∈ E
appears exactly P(e)(N − k) times, we still need to make

sure that c is decodable, i.e., that we can retrieve the m
messages from c. If we knew how to recreate the (m′+k)×n
2D array W ′ from which c was obtained, we could use

the row-by-row decoding algorithm to retrieve the original

messages. However, without knowing the permutation ρ
according to which the columns of W ′ were linked to one

another to create c, it is not clear how we can obtain W ′.
To overcome this problem we again suggest to append rows

to W ′. Recall that the first k rows of W ′ are equal to the

rows of the matrix Uπ , defined in Section III. We would like

to append rows to the bottom of the matrix Uπ , using the

row-by-row weakly constrained coding technique, to create

an m̂× n matrix Ûπ in which all columns are distinct. The

2D array that we will use will then consist of m̂ rows that

are equal to the rows of Ûπ , followed by m rows that are the

result of encoding m messages using the row-by-row weakly

constrained coding, and finally NG rows that guarantee that

the final 2D array is good.

Lemma 3. An m̂× n matrix Ûπ with distinct columns can
be constructed with m̂ = O(log n) rows.

Due to space limitations, the proof is omitted. We sum-

marize with the following corollary.

Corollary 1. If for all e ∈ E, P(e)n ≥ |V |, then there
exists a constant c that depends only on G and the Markov
chain P such that one can encode m messages from Crbr to
a length-N = (c log n+m+NG)n+k codeword c ∈ S(G)
in which every pattern e ∈ E appears exactly P(e)(N − k)
times.

Example 5. Let n = 8, let G be the graph from Example 1,
and let P be the Markov chain with P(01) = P(10) = 0.25
and P(00) = 0.5. We will show how to create a 9 × 8 2D
array, constructed using the row-by-row weakly constrained
coding and Lemmas 2 and 3, which we will then assemble
into a length-65 codeword. The first five rows of the 2D array
are the rows of the matrix Ûπ . The next m = 2 rows are
information rows. Assume we wish to write the codewords
c, ĉ ∈ Crbr, where c = 10 0 1 0 0 0 0 and ĉ = 00 0 0 1 1 0 0.
Then after writing these two codewords and adding NG = 2
rows we get the following good 2D array W :

0 0 0 0 0 0 1 1
0 0 0 0 1 1 0 0
0 0 1 1 0 0 0 0
0 0 0 0 0 1 0 1
0 1 0 1 0 0 0 0
1 0 0 0 0 1 0 0
0 0 0 0 0 0 1 1
0 0 0 0 1 1 0 0
0 0 0 1 0 0 0 1

Then the codeword

c = B1‖B2‖B3‖B4‖B8‖B7‖B5‖B6

is of length 65 and it has the property that each of the patterns 0 1
and 1 0 appears in it exactly 16 = P(0 1)64 times, and the pattern
0 0 appears in it exactly 32 = P(0 0)64 times.

Finally, using a technique suggested in [16], given the

capacity-achieving Markov chain P̂ for a (ϕ, r, ε)-weakly

constrained system, one can obtain an n-integral Markov

chain P such that |P̂(e)−P(e)| = O(1/n). As a result the

entropy of P goes to the entropy of P̂ , as n goes to infinity.

Applying our construction with the n-integral Markov chain

P setting m = Θ(nδ) (δ > 0 should be much larger than

log2 log2 n/ log2 n), one can construct a capacity-achieving

(ϕ, r, ε)-weakly constrained code of length N ≈ n1+δ with

ε(N) = O(1/n) = O(1/N (1+δ)−1

).
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