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(Extended Summary)

1 Introduction

Suppose C is a [n, k,d] code over Fy, t < n is a positive integer. For any received vector
y = (y1,-,yn) € Fy, we refer to any code word ¢ in C satisfying d(c,y) < t as a t-
consistent code word. A decoding problem is in fact the problem of finding an effective (or
efficient) algorithm which can find ¢-consistent code words, and we call such an algorithm
a decoding algorithm that can correct t errors.

The classical decodings (or call unique decodings) only consider the algorithms which can
correct 7 = Ld—glj or fewer errors. It is clear that in any Hamming sphere in Fy of radius
< 7, there exist at most one code word of a [n, k,d] code. We call T the error correction
bound of the code. On the other hand, if the number of errors ¢ > 7 then there may exist
several different consistent code words. A list decoding is a decoding algorithm which tries
to construct a list of all consistent code words. Thus, a list decoding algorithm makes it
is possible to recover the information from errors beyond the traditional error correction
bound.

The list decoding problem was first defined by Elias [2]. In [11], Sudan proposed a
list decoding algorithm for generalized Reed-Solomon codes. Shokrollahi and Wasserman
generalized Sudan’s algorithm and derived a list decoding scheme for algebraic geometric
codes [10]. However, for codes of higher rates, these algorithms do not improve the classical
decoding algorithms, i.e., these algorithms are effective only for low rate codes.

In a very recent paper [4], Guruswami and Sudan proposed an improved polynomial-
time algorithm for Reed-Solomon and algebraic geometric codes. The algorithm has a
better error-correction rate than well-known algorithms for every choice of the code rates.
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However, Guruswami and Sudan’s algorithm is rather complicated, especially for algebraic
geometric codes. In their paper [8], Roth and Ruckenstein improved Sudan’s previous work
in [11], and presented a fast list decoding algorithm for Reed-Solomon codes.

In this paper, motivated by Roth and Ruckenstein’s work, we derive a fast list decoding
algorithm for algebraic geometric codes. Both Shokrollahi and Wasserman’s algorithm and
Guruswami and Sudan’s algorithm are based on the factorization algorithm (or root-finding
algorithm) of polynomials in IC[T], where K is the function field of some algebraic curve,
and T is a formal variable. Shokrollahi and Wasserman [10] proposed a polynomial time
algorithm for the factorization, but it is rather arduous. Our improved decoding scheme is
based on an efficient algorithm of finding roots of polynomials over function fields that we
will propose in Section 3, and does not need the factorization algorithm. The new algorithm
achieves a lower complexity.

2 Algebraic Geometric Codes and List Decodings

Let X C PF{" be a nonsingular, irreducible curve in m-dimensional projective space, of
genus g, defined by the following projective equation

F(X) :F(XthauXerl) =0.

Suppose {Py, P2,---,P,} is a set of rational points of X. Let D = P, +--- + P,, and G
be another divisor on X satisfying sup(D) Nsup(G) = 0. An algebraic geometric code (AG
code) CL(D, Q) is defined as

where L(G) = {f is in the function field L of X | f = 0 or (f) + G > 0}. Suppose
p = degG < n, then CL(D,G) has length n, dimension > p — g + 1, and minimum distance
>n—p.

Consider the algebraic geometric codes Cr,(D,G) with D = P, +---+ P, and G = pP,
where p is an integer and { P}, - - -, P, P} is the set of all rational points of X’. It is clear that
these algebraic geometric codes achieve the longest code length, thus, they are of special
interest in practical applications. Let p be a nonnegative integer. If there exists a rational
function ¢ € IC, such that ¢ has pole only at P and the order of pole of ¢ at P is p, i.e.,
ordp(p) = —p, then we call p a nongap of P. Let {p1, p2, ps3,---} be the set of all nongaps
of P and p; < p2 < p3g < ---. Then, it is well known that

O0=p1 <p2<-- < pg<pgs1 =29,

and p; =194+¢g—1wheni > g+ 1.
Let 1, 9,3, -+ be a sequence of rational functions, such that ¢; has pole only at P
and ordp(¢;) = —p;. Then it is easy to check that {¢1, 2, -+, ¢;} is a basis of L(p;P).
For the purpose of completeness, we restate Guruswami and Sudan’s decoding algorithm
by the classical notation of algebraic geometric codes as following.

List Decoding Algorithm for AG Codes




Implicit Parameters: n; P, P;,---, P, € X; k; g.

Assumptions: Assume that we know a basis {¢;, | j1 = 1,---,l — g+ 1} of L(IP); and
for every P, a sequence of rational functions {¢;, p, | j3 = 1,---,l — g+ 1}, such that
ordp, (¥j,,p,) > j3 — 1. And assume we know a set of coefficients {ap, j, j, € Fq |1 =
1,---,m; j1,j3 =1,---,1 — g + 1} such that for every i, j;

l—g+1
P = Z aPi:jla]éwj&Pi'
ja=1

Step 0: Compute parameters r,l such that

(-9l —g+1) >n<r+1>
2p ’

rt >1 and

where p:=k+g—1.

Step 1: Find a nonzero polynomial H(T') € K[T] of the form

H(T) = HXST) = 3 hyy(X)T%,

j2=0
I—g ] l—j2p—g+1
where s := [=2], h;,(X) € L((l = j2p)P), and h;,(X) = '21 hj, i, 3, (X), such
j1=

that fori:17”'7n;j3217j4205 andj3+j4§7‘7

@) s l—j2p—g+1 j
z o 2 Jjo—Jjaz . . o
hjg,j4 = Z Z ; Yi hjy 2 0P, g1 ,js = 0.
S — J4
J2=J4 J1=

Step 2: Using the algorithm of factorization (or root-finding), find all roots f € L((k +
g — 1)P) = L(pP) of the polynomial H(T'). For each such f, check if f(P;) = y; for
at least ¢ values of i € {1,---,n}, and if so, include f in output list.

For the complexity of the above algorithm, by Proposition 22 in [4], all the ap, j, j,’s can
be found in O(ni?) operations over K. Also, the nonzero polynomial H(T) can be found
by Gaussian eliminations in O(I%/p3) operations (over F,). So the complexity is mainly
based on the factorization algorithm (Step 2). According to Shokrollahi and Wasserman
[10], there is a factorization algorithm that runs in time polynomial in the representation
of the field. However, it is not still clear if these representations are of size that is bounded
by some polynomial in the length of the codes.

3 Fast Algorithm of Finding Roots of H(T)

In this section, we will derive an efficient algorithm to find the T-roots of H(X;T) = 0 in
L(G), which does not need factorization of H(X;T).



In our case, G = pP, and H(X;T) = ho(X) + h1(X)T + - - + hs(X)T*, where
hi(X) e L((I—jp)P),  j=0,1,---,s,

where L(IP) D L((I — p)P) 2 L((I —2p)P) 2 --- 2 L((I — sp)P). Suppose f(X) € L(G) =
L(pP) such that H(X; f(X)) =0. Let {¢1,p2,---, ¢k} be a basis of L(G), we can assume

F(X) = fipr(X) + fapa(X) + - + frepr(X),
where f1, fo, -, fr € Fq. We now can find fj, fi—1, -, f1, by the following k steps.

STEP 1 (to find fx). Set G1(X;T) = H1(X;T) = H(X;T) and C:H(X;T) = G1(X;01T).
Then, R o
G1U(X5T) = ho + (hoe)T + -+ + (hje )TV + -+ + (hsf)T°.

Since hj € L((l — jp)P) and ¢y, € L(pP), we have
hjgl € LUP),  j=0,1,---,s,
ie., ordp(hjcpi) > —I. Let
—pr, = min{ordp(hjtpi) |j=0,1,---, s}

Suppose @y, is a rational function and ordp(g,,) = —p,,. Divide G1(X;T) by ¢,,, and let

- 1 ~ s
Gl(X;T): Gl(X;T):ﬂ—i-(M)T—i----—i—(h‘g(‘pk)]’s_

Pri Pry Pry Prq
Then, by the definition of ¢,
ho hl@k hSQDS s
(@—(P% (—@ ) (P),---, ((p—’“) (P)) e F:t! — {0} (3.1)
T1 T1 1

This means that G (P;T) is a nonzero polynimial in F,[T].
On the other hand, by H(X; f(X)) =0, we have

f(X)
G1(X; 0, 3.2
and
NG CEACORg (33)
" or(X)
Since ordp (%) =pr—p; >0, for j=1,--- k—1, we have %(P) = 0. Thus,

Jopy_ p#1 Ph—1 _
(Pk:(P) flspk(P)Jr + fr—1 o (P) + fr = fr-

By (3.3), we have




It follows that fi is a root of the nonzero polynomial equation él(P; T) =0 over F,,.

Suppose we have executed STEP 1, ---, STEP ¢, and in STEP i, we have a polynomial
S x- Ty — 0 ~(1) s s
Gi(X;T) =G (X)+ G (X)T+---+G7(X)T?,

such that 0)
~ (X
Gix; LX)
Pr—i+1(X)
and (N;i(P;T) is a nonzero polynomial in F,[T], and f;_;4; is a solution of (N;i(P; T) = 0.
We now enter STEP i+1.

=0, (3.5)

STEP i+1 (to find fi_;). Set Gip1(X;T) = Gi(X;T + fo—iv1) and Gi1(X;T) =
Git1(X; 22=2T'). Suppose

P Pk—it1

Gis1(X:T) = G0 (X) + G ()T + - + &3 0T,

and

Gin(X;T) = éz(?i-)l(X) + éz(-li-)l(X)T toee égi)l(X)Ts-

It is easy to prove that Gl(-i)l (P), (A?Ei)l (P)eF, for j=0,1,---,s, and 01rdp((A¥Z(-i)1 (X)) >0
for j=1,2,---,s. Let

prosy = minfordp(GY (X)) | j = 0,1,---,5}.

Suppose ¢, , be a rational function such that ordp(¢r,.,) = pr,,,. Divide Gi1(X;T) by

807‘1'.‘_17 1
Gin1(X;T) = ——Gip1 (X T)

Prita

Then, G;11(P;T) is a nonzero polynomial in F,[T].
Let (X)) = fO(X) = frmiprpr-it1(X) = fio1(X) + - + fr—ipp—i(X), we have

S NANRIC. SN WARIC O Iy LU0 SN
Grnn(X; or—i(X) ) = Ginn X sﬂk—z‘+1(X)) = GilX; (Pk:—i+1(X)) -0
Thus, )
> ARG SN
Git1(X; m) =0. (3.6)

Since % = fr_;, we have

Git1(P; fr—i) = 0.

So, fr_; is a solution of the nonzero polynomial equation éiH(P; T)=0.

In the above discussion, we in fact obtain an iterative algorithm to find the roots f(X)
of H(T) by finding the coefficients of f(X) step by step.



Lemma 3.1 Suppose fi—it1 is a solution of multiplicity h of the nonzero equation @(P; T)=
0 in STEP i, and Gi41(P;T) = 0 is the nonzero equation in STEP i+1. Then, degrGiy1(P;T)
< h.

Theorem 3.1 Let f(X) = fip1(X)+- -+ fror(X) € L(G) and H(X; f(X)) = 0. Then we
can get the coefficients of f(X) by solving polynomial equations of degree s and with coeffi-
cients in Fy step by step. Moreover, we have at most sk possible solutions for (fi, fa,-- -, fx).

Lemma 3.2 ([6]) The roots in Fy of a polynomial of degree s can be found in time com-
plexity O((s*log®s)logq).

Theorem 3.2 Given a nonzero polynomial H(T) over K[T] of degree s returned in Step 1
of the List Decoding Algorithm. Then the roots of H(T) in L(G) = L((k+ g — 1)P) can be
found in O(k(s?log®s)logq) operations over F, and O(ks?) operations over K.

Replacing the factorization algorithm (Step 2 in Guruswami and Sudan’s algorithm) by
the above algorithm, we obtain a fast list decoding algorithm of algebraic geometric codes.
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